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1 Introduction

Statistical mechanics was born with the ambitious goal of deriving the laws of thermodynamics
from a statistical treatment of the microscopic degrees of freedom of a system. Even more
strikingly, this was done at a time when the very concept of the atomistic picture of the
world was highly questioned. As we will see, statistical mechanics is a natural framework to
understand the laws of thermodynamics and in particular to have a clear interpretation of
what is entropy and how it is related to irreversibility. The statistical approach is rooted in
the observation that a typical thermodynamic system is made of a huge number of particles
(at least of the order of Avogadro’s number, i.e. N ~ 10%). Far from phase transitions
(such as ice melting into water), computing averages is typically enough. In contrast, close to
phase transitions also fluctuations become important, and including them in the treatment is
fundamental in order to properly retrieve the corresponding thermodynamic laws. Biophysical
systems somehow borrow this last feature: since they can be relatively small, (N ~ 10 — 100),
one can use statistical mechanics to properly describe them, although fluctuations are often
important features to be considered.



2 Some useful mathematical tools

Before starting, it is important to summarize some concepts that will be used in this document.

2.1 Basic combinatorics

First, we introduce some results from combinatorics.

1. Imagine to have N elements that you want to order in some way. For instance, we want
to create sequences with the figures 1, 2,3 where each number appears exactly once. In
this case, it is easy to enumerate them. All the possible sequences that we can form
(called permutations) are 1 —2—-3,1—-3-22—-1-32-3-1,3—-1-2,3—-2—1.
Thus, the number of possible permutations of 3 elements is 6. Rather than listing all of
them, we note that for the first number of the sequence we had 3 possible choices; for
the second number, only 2 choices were available, since we had already used one of the
figures; finally, for the last element of the sequence we had just 1 choice (i.e. no choice at
all). Based on this, we can compute the number of permutations as 3 -2 -1 = 6, which
is the same result that we found by counting all the possible sequences. The advantage
of this second approach is that it can be easily generalized to N elements: we have N
choices for the first number, N — 1 for the second one, etc. Therefore, the total number
Py of permutations of N elements is

Py=N-(N=1)-(N-2)-----2-1=NI. (1)

The operation N! is called the factorial of N. Note that this problem is equivalent to
the problem of assigning the positions to N distinguishable particles choosing from N
possible spots, without the possibility of having two particles in the same spot.

2. We consider the same problem as in point 1, but this time we want to create a sequence of
length k£ < N (one speaks about dispositions). For instance, we decide to create sequences
of length k = 2 with the figures 1,2, 3, without allowing for repetition of each figure. It
is easy to list the sequences: 1 —2,1 —3,2 —1,2—-3,3 —1,3 — 2. Again, we have 6
possibilities (in this case we have the same number as before, but it is just a special case).
We note that we can follow the same argument as above, but we have to stop after k
elements. Hence, we have N choices for the first element, N — 1 for the second, etc. until
we arrive at N — k + 1 for the kth element. The total number of dispositions Dy is thus
Dyp=N-(N—-1)-(N=2)----- (N —k+1). We note that these are the same numbers
used to build N! from which we cut out the terms (N — k), (N —k —1),...,2,1. Hence,
we can write

N-o-. (N—k+1)-(N—k)- (N—k—1)--- 2.1 NI
(N—k)-(N—k—1)-----2-1 (N—k)"




Note that this problem is equivalent to the problem of assigning the positions to N
distinguishable particles choosing from k possible spots, without the possibility of having
two particles in the same spot.

3. We consider the same problem as in point 2, but this time we do not care about the
order of the sequence. (one speaks about combinations). For instance, the sequence
3 — 1 and the sequence 1 — 3 are now considered equivalent, since the only important
thing is the content of the sequence. Considering N = 3 and k = 2, we thus have as
possible combinations 1 — 2,1 — 3,2 — 3, i.e. there are only 3 cases. The total number of
combinations Cy ;, can be easily computed as the ratio between the number of dispositions
Dy j, and the number of possible permutations of £ objects, P,. We thus have

_ Dny N

N = p TV =R ®)

Note that this problem is equivalent to the problem of assigning the positions to N
indistinguishable particles choosing from k possible spots, without the possibility of having
two particles in the same spot.

4. We consider the same problem as in point 1, but this time we allow for repetition of the
elements. For instance, the possible sequences with 1,2,3 arenow 1 —1—-1,1—-1—-2,1—
1-3,1-2-1,1-2-2,1-2-3,1-3-1,1-3-2,1-3-3,2—-1—-1,2—-1-2,2—-1—
3,2—-2-1,2-2-2,2—-2-3,2-3-1,2-3-2,2—-3-3,3—-1-1,3—-1-2,3—-1-3,3—
2—1,3—-2-2,3—-2-3,3—3—-1,3—-3—2,3—3—3. There are a total of 27 possible
sequences. Following the same approach as above, this time we have N choices for the
first element, N choices for the second, etc. Thus, the number of possible sequences is

Py =N", (4)

where the " stands for “repetition”. Note that this problem is equivalent to the problem
of assigning the positions to N distinguishable particles choosing from N possible spots,
with the possibility of having two particles in the same spot. Analogously, we can consider
the number D7, of dispositions with repetition, finding

TN,k::Nk . (5)

2.2 Probability in a nutshell

We also have to list some key elements from probability theory.

1. If in a system there are N possible equiprobable states, the probability of each of them
occurring is simply 1/A. For instance, when throwing a dice there are six possible
outcomes, so that N' = 6 and the probability of each of them occurring is 1/6.
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2. More in general, the probability for a given outcome (or event X)is given by the number
of cases g(X) compatible with it (called its degeneracy) divided by the total number of
possibilities N, i.e. p(X) = g(X)/N. For instance, the probability that by throwing a
dice we get a number larger than 4 is 2/6.

3. Now, let us throw two dices. The state of the system is defined by the couple (s, $2),
where s1,50 = 1,2,...,6. Hence, there are in total 6 x 6 = 36 possible states. The
probability for each state is 1/36. For instance, the probability that the first dice gives
1 and the second dice gives 4 is equal 1/36. Note that 1/36 = 1/6 x 1/6. This is not a
coincidence: the probability of the co-occurrence of two independent events X, X5 is equal
to the product of the probabilities of each of them occurring, pi12(Xi1, Xa2) = p1(X1)p2(Xs).
Note that for this to be true the events have to be independent. For instance, in the
previous example the event X; was “dice 1 gives 1”7 and the event X, was “dice 2 gives
4”7, which are independent of each other. As a counterexample, we can consider the same
event X; while event X5 is “dice 1 gives a number lower than 57. We note that X5 occurs
with probability 5/6 and, if this happens, it automatically includes X; as a byproduct.
Therefore, the probability of co-occurrence in this case is simply 5/6 # 1/6 x 5/6.

4. Considering again one dice, let us consider the two events “dice 1 gives 1”7 and the event
Xy was “dice 1 gives 4”7. We ask what is the probability that either of them happens.
Since there are two favourable cases out of six, we get p(X; or X5) = 2/6 = p(X;)+p(Xa2).
Again, this is not a coincidence: disjoint events occur with an overall probability which
15 equal to the sum of the probabilities of each event. The keyword to remember here is
disjoint, meaning that there is no overlap between the two events. As a counterexample,
let us consider as X; the event “dice 1 gives a number between 2 and 5, extremes included”
and as Xy the event “dice 1 gives a number above 3”. We see that p(X;) = 4/6 and
p(X2) = 3/6. However, the event X; or X, corresponds to “dice 1 gives a number above
17, which occurs with probability p(X; or X5) = 5/6 # p(X1) + p(X3). We also notice
en passant that p(X;) + p(X2) > 1, which does not make any sense! The problem with
applying this formula is that the two events are overlapping, so that by summing the
probabilities we count twice the overlapping part.

5. By construction, the probability p of any event is always contained in the interval [0, 1].
p = 0 means that the event is impossible (e.g. “dice 1 gives a number which is at the same
time below 2 and above 4”), while p = 1 means that the event occurs deterministically
(e.g. “dice 1 gives a positive number”).

6. In the case of continuous variables, one has to adapt the formalism. For instance, imagine
to extract a random real number in the interval [0, 1]. By definition, the probability density
p(z) is such that p(z)dz is the infinitesimal probability that the real number is found in
the interval [z,x + dz]. The probability of an event is obtained by integrating p(z)
over a suitable interval. For instance, the probability that the number is found in the



interval [0.2,0.7] is f02 x)dz. Note that by integrating p(z) over the whole interval
glves 1 by construction (nor’malzzation condition). For instance, in the current example
fo x)dx = 1. Note that any choice for p(x) is valid, as long as p(x) > 0 for any x and the
normahzatlon condition is satisfied. As a simple example, let us assume that the random
number is extracted from [0, 1] with uniform probability, i.e. p(z) = p independently
from z. From the normalization condition, we get 1 = fo r)dr = p fo dx = p, ie.
p(z) =1 for any x. Hence, the probability that the random number lies in the interval
[0.5,1] is fo 5 p(z)dz =1 —0.5 = 0.5. As a second example, let us instead assume that
p(:z:) = c-z? (Whlch gives more weight to larger numbers) The constant ¢ is found
by imposing the normalization condition: 1 = fo r)dr = cfo 2?dr = ¢/3 = ¢ = 3.

Hence, p(z) = 3x?. The probability that z lies in the interval [0.5, 1] is now fo s p(w)dr =
(¢/3)22|§ s = 1—0.5% = 0.875. As expected, this probability is larger than 0.5 since more
weight was given to larger numbers.

. Let us consider a certain continuous variable with probability density p(x). Now, let us
consider a second variable y = y(z). Since y depends on z, its value will also be random
with a certain probability density ¢(y). What is the relation between p(x) and ¢(y)? To
answer this question, remember that the probability the y lies in the range [ya,yp] is

ys (y)dy. We limit our discussion to the case in which y(z) can be inverted, so that
each point y has only one corresponding value of z. By performing a change of variables

in the integral, we get
YB B dy
| atway= [ atwte) s ©)

YA TA
The function y(x) is monotonous (otherwise it cannot be inverted). If dy/dx > 0, then
xrp > x, (since yp > y4) and the probability that x lies in the range [z 4, zg] is fff p(z)dz.
Comparing to the right-hand side of the previous equation and given the arbitrarity of
the interval, we thus get ¢(y) = p(x)/(dy/dx), i.e. we obtain ¢ by renormalizing p by
the derivative of y(z). In the case in which dy/dx < 0, we have :UB < x4, and the
probability that z lies in the range [zp,z4] is f:ch r)dr = — f r)dr. Hence, we
get q(y) = —p(z)/(dy/dx). The two results can be Jomed together by writing ¢(y) =
p(z)/|dy/dz|. Note that the denominator goes to zero at a stationary point, but for our
applications the integral will not be affected. As a simple example, we consider for p
the probability density associated to a real number extracted with uniform probability
from the range [0,1]. As we saw in the previous point, we thus have p(z) = 1. Now, we
ask: what is the probabilty density of the cubic root of such a number? Hence, we are
considering y = /3 = dy/dx = 1/(32*/%) = 1/(3y*) = q(y) = 3y*. This is the second
case studied in the previous point (the function for the present example was chosen on
purpose). Note that the integration interval does not have to be the same. For instance,
if we choose y(z) = 5z + 7 the range of y values will be [7,12] and the probability
density of y is ¢(y) = 1/5. As a further example, we now ask what is the probability



density of the variable y = 5 — 22, which is a decreasing function of x. Indeed, in this
case dy/dx = —2x = —2,/5 —y < 0. By applying the formula obtained above, we get

a(v) =1/~ 255 = 1/(2/5~9).

2.3 Gaussian Integrals

Another important tool that we will need are the Gaussian integrals, i.e. integrals involving
the Gaussian function e, where a > 0 is a constant. First of all, we start with the integral

oo
2
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G1(a) E/ ze " dy = —
0

0

Now, we consider the integral

Gola) = /0 T ey (8)

In order to compute Go(a), we note that [ e~ dx = 2Gy(a), so that taking the square we

4G0(a)2:/ e_“xgdx/ e_“dey:/ d$/ dye_“(x2+y2>. 9)

Considering polar coordinates (p, ¢), we have

r=pcosp y=psing, (10)
with p > 0 and 0 < ¢ < 2r. With the new coordinates, 22 +y? = p? and dxdy = pdpde. In the

latter term, the prefactor p comes from the Jacobian of the set of transformations in Eq.(10).
Substituting in Eq.(9), we obtain

o) 2w
4Go(a)? = / dp/ dppe= " = 21G(a) = g . (11)
0 0

Gola) = /OOO e dy = %\/g (12)

We further consider the integral

Hence, we finally obtain

Go(a) E/ 2 dx . (13)
0

We note that

dGo(CL) _ i/ e—axde — _/ xQe_ax2d:L' = —GQ(CL). (14)
0 0



Therefore, deriving Eq.(12) with respect to a we obtain

Go(a) E/ R
0

5
E

Njw

I

a

Finally, we also consider
G4(a) E/ e dy | (16)
0

We note that

dGQ(a/) _ i/ I2€_a$2d£(] — _/ x46—a$2dx — _G4(a)
da da /, 0

Therefore, deriving Eq.(15) with respect to a we obtain

/ rle™ " dy = 3T . (18)
0

5
8az

Gyla) =

This procedure can be iterated to find a general formula for G, (a), although for our purposes

the results obtained so far will be enough.



3 Microcanonical ensemble (NV E systems)
a) b)
® o Lo

Figure 1: Two possible microscopic configurations for a box of volume V' and containing N
particles.

Statistical mechanics is based on the concept of ensemble. Namely, if we consider a system
made of N particles under certain constraints (e.g. total volume), the ensemble of the system
corresponds to the set of all possible microscopic configurations (e.g., positions and momenta)
compatible with the macroscopic, thermodynamic state. For instance, in Fig.1 we sketch two
possible microscopic configurations for an ideal gas of N particles contained in a box of volume
V.

Depending on the particular choice of fixed thermodynamic variables, several possible en-
sembles can be considered. In the microcanonical ensemble, one fixes the number of particles
N, the volume V' and the mechanical energy E (for this reasons, one also speaks of NV FE
systems). As mentioned above, the idea is to derive the laws of thermodynamics based on a
statistical treatment of the microstates. In order to fix the ideas, we limit our discussion to the
case of a monoatomic ideal gas. The state of each particle ¢ is characterized by its position r;
and its momentum p; = mw;, where m is the mass of a particle (all assumed to be equal) and
v; its velocity. The microscopic state of the system is fully described by the set {7;, v;}i=1.. n.
The constraints are implemented by imposing that r; is contained within the box of volume V'
and that the total energy (which for a monoatomic ideal gas is just the translational kinetic
energy) equates E:

N 1 ,
E=>" Sl (19)
=1

Within the microcanonical ensemble, a central assumption is the equiprobability of the mi-
croscopic states: under thermodynamic equilibrium, all the microscopic states have the same



probability to occur. Under this assumption, the predicted value for any macroscopic observable
O can be computed as the average (O) over all possible states, as we will see below.

3.1 Entropy as the states-counting variable

(N1,V1,E1) (N2,V5,E>)

Figure 2: Two NV E systems in thermal contact.

As mentioned above, a basic assumption of the microcanonical ensemble is that all the
microstates are equiprobable. To simplify the present discussion, we will assume that the system
has a discrete set of microstates. If we denote by Q(N,V, E) the number of states compatible
with the NV E constraints, the probability that each of them occurs is thus 1/Q(N, V| E). Now,
let us consider two microcanonical systems characterized by (N, Vi, Ey,,) and (N, Va, B 1)
and put them in thermal contact (Fig.2). The systems are allowed to exchange energy but
not matter, and their volume is also kept constant. The total system formed by 1 and 2
has a total energy F = E; 4+ F,, which is conserved throughout the equilibration of the two
systems. After some time, the two systems will have energies F 4, and Ej 4,, which still satisfy
Ey 4 + By, = E. Note that these energies are not exactly constant, so that E; s, and Eyg,
are actually the average values around which the two energies fluctuate. As we will see, the
fluctuations in this system are much smaller than the average values themselves, so that this
approximation turns out to be extremely precise.

Since the two systems do not exchange matter, for each microstate of system 1 at energy
E{ (with 0 < E] < F) any microstate of system 2 at energy E, = E — E1 is equally likely. The
total number of states of the overall system corresponding to a given choice of E] is thus

leob<N17N27‘/17‘/27E17E> = Ql(Nh‘/hEi) : QQ(N27‘/27E - Ei) . (20)
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The total number of possible states A in the overall system is obtained by summing over all
possible values of Ej:

E
N =" (N1, N2, Vi, V3, EY L E) . (21)
E=0

Therefore, the probability that, within the overall system, system 1 has energy E} is pi(E], E) =
Quon (N1, No, Vi, Vo, E1, E)JN = Q1(Ny, Vi, Ey) - Qo(Na, Vo, By = E — E}). The most probable
energy is the one maximizing this probability, hence it satisfies the condition dp;(E], E)/OE] =

0. This implies that
o
OFE;

08

Q| — Q) :
Es an=FE—F1 5 UE=E 5 /
n n 1 n aEQ

—0, (22)

EQ,HnZE_El,ﬁn

EizEl,ﬁn

where we used the fact that £} = F — F| = 0/0F) = —0/0FE. The previous formula can be
rearranged as

1 09 1 09
— 0 = 2 _ (23)
Ql aEl Ei:Elyﬁn QQ 8E2 E2,ﬁn:E7E1,ﬁn
We further take advantage of the identity (dy/dx)/y = dlny/dx and write
JlnQ 0lnQ
n : 1 _ g / 2 (24)
aEl Ei:Elwﬁn 8E2 E2,ﬁn:E_E1,ﬁn

Each side of the previous formula involves a quantity computed on only one of the subsytems.
Therefore, this equation states that at thermal equilibrium this quantity has the same value for
both systems. Hence, by the zeroth law of thermodynamics, the quantity (01n§2/0F)x v has to
be intimately related with temperature. In this regard, we note that one of Maxwell relations
reads (OE/0S)ny =T = (0S/0E)yy = 1/T. Written in this form, this Maxwell relation
closely resembles (0InQ/OE)y . It is thus tempting to identify the entropy with In up to a
multiplicative, universal constant. In order to obtain an entropy from a dimensionless number,
this constant has to have the units of energy divided by temperature, which is a condition
satisfied by Boltzmann’s constant k. We thus identify

We note that this definition nicely captures both the fact that S is a state variable (since
the number of states are determined by the thermodynamic variables N,V, E) and that S is
additive, as it should be for an extensive quantity. The latter is easily demonstrated, since
for a composite system such as the one reported in Fig.2 the total number of states is {2 =
Q- Qy, hence S = kglnQ = kp(InQ + InQy) = S; + Sy, This definition of entropy is
extremely important and insightful. It is important because it enables linking the macroscopic
world (thermodynamics) with the microscopic features of a system. It is insightful because it
gives a clear and intuitive definition of S as the variable quantifying how many microscopic
configurations are compatible with a given thermodynamic state.
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3.2 Pressure and chemical potential in NV E systems

We now consider the same setup as in the previous section, with the difference that now the
wall is isolated but mobile. The same procedure as above can be followed, although now the
variable quantity is the volume of each subsystem. We thus have

leob(va N27 ‘/1/7 ‘/7 E17 E2> = Ql(va Vlla El) ’ QQ(N27 V- ‘/17 EQ) . (26)
Following the same steps as above, we end up with

a In Ql
oV

. 8 In QQ
V{=V1 fin a‘/QI

(27)

V2,ﬁn:V7V1,ﬁn

Since the two subsystems are at mechanical equilibrium, we expect a close relationship between
(0InQ2/0V')n g and pressure. Since S = kpIn €, we can write

0ln 1 [0S
= — | = ) 28
( ov )N,E ks <3V)N,E ( )
Now, from the first law, in the differential form, we have dE = TdS — pdV = dS = dE/T +
pdV /T = (0S/0V)n g = p/T. Hence

0ln (2 P
(%), = ma 2

Analogously, we can also fix the wall to its position but enable particle exchange. We thus
obtain

Quon (N7, N, V1, Vo, B, E) = Q1 (N7, Vi, EY) - Qo(N — Ny, V,E — EY) . (30)

Note that there is no way in which one can exchange particles without exchanging energy: if a
particle goes from system 1 to system 2, it will also bring its kinetic energy with it! However,
the total energy is still maintained, and we can still consider the energies with the maximum
likelihood as done above. Hence, we maximize separately the probability for the energy and
the one for the number of particles, obtaining in the latter case

6111 Ql
ON]

. aln QQ
~ ON}

(31)

N{:Nl,ﬁn NQ,ﬁn:Nle,ﬁn

Since the two subsystems are at chemical equilibrium, we expect a close relationship between
(0InQ2/ON)y g and the chemical potential p. Since S = kg ln 2, we can write

0ln 1 08
( oN )V,E ~ s (a—N)V,E ' (32
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We now consider the first law in differential form and including the particle exchange. We have

dE =TdS — pdV + pdN = dS = dE/T + pdV/T — pdN/T = (0S/ON)v,r = —p/T. Hence

0ln 1
(o), = wr %)

From these definitions, all the rest of thermodynamics follows. For instance, the Helmholtz free
energy is F' = E — TS, the Gibbs free energy is G = F' + pV/, etc.

3.3 Probabilistic concept of irreversibility

Figure 3: a) A gas of particles is initially contained in a certain volume V', with a number of
microstates equal to 2. b) By removing the wall, the gas is now free to diffuse into a volume
V' >V, with a corresponding number of states ' > €.

The microscopic interpretation of entropy as a states-counting variable (Eq.25) provides a
clear understanding of the concept of irreversibility. To this aim, in Fig.3a we consider a gas
at equilibrium contained in a box of volume V. The corresponding number of states is 2. If
we remove the green wall, the gas diffuses occupying a volume V' > V' (Fig.3b), whose number
of states is 2. We note that the states compatible with the system in the original volume V'
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are still available. However, now the particles have a lot more states compatible with the new
conditions, so that ' > Q. From a microscopic perspective, it is not impossible that all the
particles spontaneously go back into the volume V. The probability of occurrence of this event
is 2/€V. Nevertheless, it turns out that there is an enormous difference in orders of magnitude
between 2’ and 2, so that this probability is practically zero. That is, if at any time we decide
to close again the wall, the probability that by chance all the particles are found on the left
side is /€Y ~ 0. Therefore, the microscopic picture gives a clear and intuitive understanding
of irreversibility, where this concept is not strictly forbidden but extremely improbable.

3.4 The Gibbs Paradox

Figure 4: a) Two systems containing the same gas separated by a mobile, conducting wall are
in thermal and mechanical equilibrium. b) Removing the wall does not change the macrostate
of the overall system.

The Gibbs paradox is an ideal experiment that shows the importance of particle indis-
tinguishability. If we consider the system in Fig.3b and close again the wall, we will find a
microscopic state such as the one depicted in Fig.4a. For the present discussion, we will neglect
the velocities for clarity, but the argument can include them without additional troubles. From
the point of view of thermodynamics, the macroscopic state of the overall system is exactly the
same. Now, let us assume that the particles are distinguishable and let us denote as w;; the
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number of states available to particle ¢ in box 1. Assuming that we are dealing with an ideal
gas of identical particles, the number of states does not depend on 4, i.e. w;; = w;. Moreover,
since the particles are independent from each other, the total number of states in box 1 is
Q; = w', where N is the number of particles in box 1. Analogously, the total number of
states in box 2 is 2y = wév"’. Therefore, when the wall is present the total number of states is
Q= - Q = wVw)? Now, let us remove the wall (Fig.4b). As mentioned above, the ther-
modynamic state is still the same, since there will be no changes in total number of particles,
pressure or temperature. However, the total number of states available to a single particle will
be w > wy,wq, where the inequality holds because any microstate being counted e.g. by w; is
also contributing to w. The total number of states will now be ' = w™M*N2 > (N2 — Q)
Since the entropy is simply S = kgIn €2, we thus obtain S’ > S, which wrongly indicates that
the two thermodynamic states reported in Fig.4 are different!

What is the problem? As mentioned above, the issue stems from considering the particles
as distinguishable. Let us focus on the microstate reported in Fig.4. If the particles are
distinguishable, swapping any two particles (say the ones at the top-left and bottom-left corners)
results into a different microstate. This despite the fact that the “picture” remains exactly the
same. What happens if we include indistinguishability”? Under this assumption, microstates
deriving from exact swapping of particles are considered to be the same. How many swappings
are there? We have N particles to which we have to assign a set of N coordinates (and
velocities, although in the present discussion we are neglecting them). The number of possible
assignments is equal to the number of permutations of N objects, which is equal to N! (see
Eq.(1)). Therefore, the actual number of states in Fig.4a is O = w' /Ny! and Q5 = wi?/N,!, i.e.
Q = w"'w)? /(N1 N,!). When the wall is removed, the number of states are Q' = w™+N2 /(N 4
No)l.

In order to check whether this fixed the issue, we need to have a closer look at w. To this
aim, let us consider a system with Ny particles in a volume V5. We divide the volume into small
boxes of size v, hence for each particle there are wy = V;/v boxes in total (Fig.5). Accounting
for the indistinguishability, the total number of states is thus

No No
w V
O7 N NyluMo (34)

Indicating the number density of the gas as po = Ny/Vy, we have Vy = Ny/po. Moreover,
according to Stirling’s approximation, Ny! ~ Név"/eNO for Ny > 1, so that we obtain

NZVo e\
Oy~ —0 N = (—) ) (35)
N ()™ N

Armed with this result and observing that, due to mechanical equilibrium, p; = ps = p, we
thus obtain for our original problem

Ny No N1+N2
Q= 0,0, ~ (i) (i) _ (i) (36)
p1v p2v pv
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Figure 5: Example of microstate in a system with a discretized volume.

e Ni1+N2
Q/ = e . 37
() o

Therefore, ' = 2 = S’ = S which solves the paradox! Therefore, accounting for the indistin-
guishability of particles is paramount to correctly compute the entropy of a system.

and

3.5 Entropy of mixing

Let us consider again the system in Fig.4, where now the particles in box 1 are different than
the particles in box 2 (Fig.6a). When the wall is removed, the particles of both species are free
to occupy the whole volume of the composite system. However, particles belonging to different
species are distinguishable. That is, swapping the coordinates of a red and a blue particle in
Fig.6 does result into a different microstate. As a consequence, the number of microstates in
Fig.6b is larger than in Fig.6a, so that after opening the wall here will be an increase in entropy
which is called entropy of mizing. Qualitatively, this is clearly indicated by the irreversibility
of the process. Indeed, if after mixing we close again the wall, the system will not be reverted
back to the state corresponding to Fig.6a, since there will be particles of both species on both
sides.

Quantitatively, let Ny, V) and N, V5 be the number of molecules within each box and the
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Figure 6: a) Two systems containing differnt species of gas separated by a mobile, conducting
wall are in thermal and mechanical equilibrium. b) Since the two gases are different, removing
the wall changes the macrostate of the overall system.

box volumes, respectively. The corresponding number densities before mixing are p; = Ny /V}
and py = Ny/Vs. Using Eq.(35), the total number of states in Fig.6a is

() ()

After mixing, the density of the gases will decrease to the values pj = N1/(Vi+V3) = p1Vi/(Vi+
Va) and ph = paVo/(V1 + Va). The corresponding number of states is thus

() ) () () () ()
phv Pav p1V pav Vi Va '

The change in entropy upon mixing is

Q/

> 0. (40)

This entropy is the one preventing spontanecous phase separation between the two gases.
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3.6 Ideal gas

The equation of state for the ideal gas can be derived by means of the microcanonical ensemble.
Let us consider the ideas gas as a NV E system. For simplicity, we consider the monoatomic
case. Differently than above, we consider the proper treatment of energy and volume as con-
tinuous variables. Tt is worth noting that referring to Q(N,V, E) as the “number of states” is
here somewhat imprecise due to the continuous character of the system. Nonetheless, we will
keep using it in what follows. (N, V| E) can be computed by integrating over the microscopic
degrees of freedom {7;, v;}. The volume constraints is easily implemented by imposing that the
coordinates 7; lie within V. The energy constraint given by Eq.(19) is a bit more cumbersome
and can be implemented by considering Dirac’s delta function §(x). For the present purposes,
this function can be thought of as a switch that, when used inside an integral, selects only the
terms for which x = 0. The number of states can then be written as

N N
Q(N,V,E):%/Vdrl/vdr2~--/VdrN/dvl/va---/vad (%mva—E) . (41)
’ i=1

where C'is a constant with dimensions of volume™- velocity ! included to ensure that Q(N, V, )
is adimensionalized, while the 1/N! accounts for the indistinguishability of particles, as seen
above. The presence of Dirac’s delta in Eq.(41) ensures that only the velocities sets satis-
fying the energy constraints give a contribution to the integral, although it also makes the
computation of the integral quite involved. Nevertheless, we note that the spatial contri-
bution can be easily integrated out, giving fv dr; = V for all the particles. By defining

g(E,N) = (CN/N!) [ dv; [ dvy--- [ doyd(m Zfil v?/2 — E), we can thus write
Q(N,V,E) = g(E, N) V" . (42)
The entropy of the gas is obtained by means of Eq.(25) as
S(N,V,E) =kpInQ(N,V,E) = So(N,E) + Nkgln'V' | (43)

where Sy = kglng(F, N) is independent of V. According to Maxwell’s relations, we also have

b @ . Nkg
(%),

Comparing the first and last side of the previous formula, we get pV = NkgT, which is the
equation of state of the ideal gas.

3.7 A feeling for numbers

In our microscopic derivation of the various thermodynamic quantities, we have considered only
the most likely values for energy, volume or number of particles. However, some fluctuations
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are expected which could jeopardize the accuracy of this approach. In order to get a feeling for
numbers, we consider the system of Fig.2 with an isolating, mobile wall. We saw that the maxi-
mum number of states corresponds to the volumes Vi 4, and Va4, = V =V} 4,. Assuming to have
a monoatomic ideal gas, we also saw that the number of states can be written as Q(N,V, E) =
g(E, N)V¥N . Therefore, the number of states of the overall system corresponding to the most
probable macrostate is Q(Ny, Vi g, E1) - Q(No, V = Vi 4, Es) = g(Ey1, N1)g(Ea, No)V{¥L V52 For
the sake of discussion, we assume that Ny = Ny = N/2 and that Fy = Fy = E/2. Under these
symmetric conditions, it is evident that Vi 4, = Vagu, = V/2. We further simplify the system
assuming that it has the shape of a parallelepided, with the separating surface having extension
S and the total length equal to [, hence V' = S -[. The maximum-likelihood values for the
length of each subsystem are ly 4, = lo g, = /2.

For this system, the total number of states is Q(Ni, Vign, E1) - Q(No, V. — Vi, E2) =
9(Er, Ny )g(Ea, No)VL VN2 = g(E/2, N/2)2SNIY21)7%, with I, = | — I, Hence, the proba-
bility p(l;) that the subsystem 1 has a length I5 is p(l;) = constant - {2/ *(I — )M/2, where the
multiplicative constant is independent of [;. Now, as we said the largest probability is found
for I; = 1/2 and is equal to p(I/2) = constant - (I/2)Y. In order to get an idea of the impor-
tance of fluctuations, we can compare this maximum value with the probability that a small
displacement dl < [ is observed. To this aim, we thus compute the ratio

[z
vz

pl+d) (G+d)? (b—d)? [Oxd o ad\E
p(é) = ( )N = [(5)2}1; = (1 2 ) . (45)

Taking the logarithm of both sides, we can write

D[~

Lydl) N 4dl1? 2NdI?
np(Q——il_):_ln(l_ﬂ)g_i, (46)
where we used In(1 + z) ~ z for z < 1. Finally, we can thus write
!
M B (47)

p(3)
Choosing [ = 0.1 m and S = 0.01 m? gives a total volume V = S-I = 0.001 m?® = 1 liter, which is
a fair “real-world” value. As a reference for the ideal gas, we choose dry air at room temperature,
which has a density p ~ 1.225 kg/m? and a molar mass m,,, ~ 29 g/mol. The total number
of molecules is thus N = pV N/m ~ 2.5-10%, where Ny ~ 6.022 - 10** mol~! is Avogadro’s
constant. Plugging the numbers into Eq.(47) shows that even for a very small displacement dl=1
A= 10" m (which is the order of magnitude of the size of an atom), the relative probability of
observing it is p(I/2+dl) /p(l) ~ =599 To have an idea of how huge this number is, we observe
that the number of digits of €% is roughly log;, €*°°° = 50000log;, e ~ 21714. Therefore,
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the relative probability is roughly p(1/2 + dl)/p(l) = 1/10%'74 that is the denominator is “1”
followed by 21714 zeros!

This gives an idea of how precise is the maximum-likelihood approach for everyday systems.
As mentioned in the introduction, this is however only true for macroscopic systems far from
phase transitions. If the system is small or close to a phase transition, fluctuations may become
important.

Problem. From the previous derivation, estimate the relative probability of a relative
displacement dl/l = 0.1 for a system of N = 100 particles. More in general, it is useful to plot
p(l/2 4+ dl)/p(l) as a function of N for several choices of the relative displacement di/I.
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4 Canonical Ensemble (NVT systems)

The microcanonical ensemble has the advantage of being intuitive and is fundamental to estab-
lish a clear link between thermodynamics and the physics at the microscopic level. Nevertheless,
it has limited practical utility, since most systems of interest are thermalized rather than iso-
lated. In this regard, a more fruitful approach is provided by considering as thermodynamic
constraints the number of particles N, the volume V' and the temperature 7', which define the
canonical ensemble or NV'T' system.

4.1 Boltzmann’s weight

From a practical perspective, the temperature 7" is maintained by putting the system in thermal
contact with a reservoir, which by definition is much bigger than the system itself and is
thus practically unaffected by the interaction. In order to derive the fundamental laws of the
canonical ensemble, we proceed in a similar way as done for the microcanonical ensemble. Let
N,V E be the number of particles, the volume and the energy of the system. In the canonical
ensemble, N and V are fixed once and for all, while E can fluctuate. Moreover, let N,.,V,, E, be
the corresponding variables for the reservoir. By definition, one has N, > N, V., >V, E. > FE.
The universe formed by the system of interest and the reservoir is isolated, i.e. it can be
regarded to as microcanonical. Particularly the total energy FE,, = E + E, is conserved. The
probability p(E) that the energy of the system of interest is £ is proportional to the number of
microstates of the universe compatible with E, i.e. p(E) < Q(N,V, E) - Q.(N,,V,, E,.). Since
E, > E, we can consider a Taylor expansion of In,.(N,,V,, E,) around F,,,, obtaining

Q. (N,,V,, E')
O

In Qr(Nra ‘/7’7 Er) ~ In Qr(Nra ‘/ra Etot) + (Er - Etot) : (48)

E'=FEtot

As we saw in our computations on the microcanonical ensemble, dIn§2/OE = 1/(kgT). This,
together with the observation that £ = F,,, — F,, yields

anT(NT7‘/T'7E7’) ZIHQT(NTW‘/TWEtot) G (49)
kgT
We can thus write for the probability p(E)
E
Q(N,V, E)e FsT
p(E) = ULV Ble BT (50)

Z

Hence, in the canonical ensemble the probability of occurrence of an energy E is proportional
to the number of states weighted by e ¥/ 8T)  This exponential term is called Boltzmann’s
weight. We cannot stress enough the importance of Eq.(50). As we will see during all this
course, it permeates virtually all the results obtained in statistical physics in general, including
biophysics and soft matter. The combination kg7 has the units of an energy and is usually
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referred to as thermal energy. Physically it gives an estimation of the typical interaction energy
between the particles of the system and the thermostat. It is customary to define the inverse
of the thermal energy as = 1/(kgT’), which enables writing the Boltzmann’s weight in the
more concise form e ¥,

In order to compute the actual probability, we need to determine the normalization factor
Z. In the case in which the energy of the system takes discrete values, one has

Z(N,V,T) = QN V,E)e 5T (51)

while in the continuous case p(FE) is a probability density and
Z(N,V,T) = /Q(N, V,E)e 5T dE . (52)

Z(N,V,T) is called the partition function of the system and has a very important physical
meaning.

4.2 The Partition Function

In the simple case in which all the microstates of the system have the same energy (which we
can set to £ = 0), the partition function becomes Z = >, i.e. it corresponds to the total
number of states. Therefore, in this case there is a connection between Z and the entropy S,
namely S = kg In Z. In the general case, we note that the average energy of the system is

. Qe—BE
(B) =Y B p(p) = 22T (53)

where we dropped the dependence on N, V,T to lighten the notation. Note that in all the
subsequent notes the brackets (- --) indicate ensemble average of the quantity written inside.
From the definition of Z, we note that >, FQe #¥ = —9Z /93, hence the following relation

holds 102 Oz
n
(B) = -2 =
Zp op
(E) corresponds to the internal energy in the thermodynamic sense. Therefore, we can write
(E) = F+ T8, where F is the Helmholtz free energy. From the Maxwell relations, we further

know that S = — (0F/0T)y ,, hence

_aan:<E>:F+TS:F_T<3_F) | (55)
op N,V

(54)

aT
Since 8 = 1/(kpT), we note that (OF/OT)yv = (OF/08)nyvdB/dT = —1/(kgT?)(OF/08)Nv.
Therefore, the previous formula becomes

Omz oF 1 OF\ 6(BF)}
ik ‘”T(aﬁ)N,VkBT? F+ﬁ<3ﬁ)w [aﬂ w9
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Up to an additive constant, the previous equation establishes a clear link between the Helmholtz
free energy and the partition function, that is —In Z = SF. Rearranging we finally obtain

F(N,V,T) = —kgTIn Z(N,V,T) . (57)

This formula stresses the fact that Z is not simply a normalization constant, but is intimately
connected to the thermodynamic features of the system. Knowledge of Z gives access to F',
from which all the thermodynamics of the system can be derived.

Note that in Eq.(51) and Eq.(52) the partition function has been written by collecting the
microstates according to their energy and considering their number Q(N,V, E'). The partition
function can be directly written in terms of the microscopic degrees of freedom, thus dropping
the use of €. If we assume that the microstates are discrete and their number is AV, the partition
function can be written on a general ground as

N
Z=) efh (58)
a=1

where FE, is the energy of microstate o. The probability of occurrence of microstate « is

¢—BFa ¢~ BFa

POC = == . 59

Z 22{:1 e_ﬁEa’ ( )

From this formula, we obtain that kgT'In P, = —E, — kgT'In Z = —E, + F, where we used
Eq.(57). Taking its average, we thus obtain

kT (W P,) = — (E,) + F = =TS | (60)

from which we find for the entropy
N
S=—kp(InP)=—kp» PulnP,. (61)
a=1

Thus, the entropy is uniquely determined by the probability distribution of microstates. We
note that, as one approaches T' — 0 K, the Boltzmann weight will favor more and more the
minimum-energy state (which we assume to be unique). As a consequence, in this limit P, — 1
for the ground state and P, — 0 for all the others, i.e. S — 0, which gives the third law of
thermodynamics.

Finally, we consider the explicit definition of partition function in the context of continuous
microstates. Particularly, in the case in which each microstate is defined by the set of positions
and velocities, we get

L rmy3N _BUrividizt.y
Z(N7V7T) = ﬁ <E> /d'f’1/d'rQ"'/d’rN/d’Ul/d’UQ"'/d’UNe kpT , (62)
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where E({7;,v;});=1,n indicates that the energy depends in general on the whole set of degrees
of freedom, while the 1/N! has been included to account for the indistinguishability of particles.
The prefactor (m/h)3" has been introduced to adimensionalize Z. The constant h has the units
of an angular momentum (hence, massxspeedxposition). In the present context, the choice
of its value is arbitrary, since it enters in the free energy as an additive constant via Eq.(57)
and it thus does not affect the thermodynamics of the system. Nevertheless, it is customary to
identify h with Planck’s constant in order to harmonize the present definition of Z with certain
considerations on quantum systems.

4.3 The Ideal Gas
As a simple application showing the power of the partition function, we derive the microscopic
and macroscopic features of an ideal gas, focusing in the simplest case of monoatomic particles.
4.3.1 Partition function
The energy of a microstate is given by
1 2
E({rivi})ioy v = ?”Z% : (63)
i=1

Substituting into Eq.(62), we obtain

1 /m\3N _3mEily e}
Z(N,V,T) - ﬁ (ﬁ) /d’rl/d’rg-~'/d'rN/dv1/dv2~--/vae kpT , (64)

We note that

1 N .2 1.2 1,2 1, .2 N 1, .2
_amYis1Y; _gmvy _gmv) _amuy _amy;
e kgT —e¢ kBT . kBT .....g kBT — | | e kT (65)

This enables rearranging Eq.(64) as

Z(N,V,T) = [ /dm/dvle w} - { /d’rN/vae ,J,’;T] . (66)

In the previous formula, all the terms in the square brackets are exactly the same and correspond
to the partition function of one particle (since 1! = 1):

Z(1,V,T) /dr / dve KT (67)
Hence, the partition function of the system can be rewritten as

Lz V)Y (69)

Z(NV.T) = -
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In Eq.(67), the position can be integrated out, giving [dr = V. As for the integral on the
velocity, considering spherical polar coordinates we get

1,02 oo ™ 2 Lino?
/d’ve_jkBT :/ dv/ d@/ dopv® sin fe” FeT , (69)
0 0 0

where the factor v?sinf stems from the Jacobian of the coordinates transformation. The
angular integrals are easily computed as

2m ™
/ do = 2m / sinfdf = — cosf|; = 2. (70)
0 0

The integral on the magnitude v is a Gaussian integral (compare Eq.(15)) giving

o _1mv2 2k T %
/0 ve 7’@BTdv:< b ) ﬁ (71)

m

Collecting these results, we thus obtain

1002 3
/dve_ BT — (27TkBT> ) (72)
m

Therefore, the single-particle partition function reads

Z(L,V,T) = (%)31/ (2”]“BT)§ —v (M) (73)

m h?

The overall partition function thus becomes

N (dmmksT ®
14 (%) . (74)

Z(NVT) =+ %

4.3.2 Maxwell-Boltzmann distribution

We now consider the infinitesimal probability p(r,v)drdv that a particle has position and
velocity in the neihgborhood of r and v, respectively. By definition, one has:

_E(r,v)
kgT

p(r,v)drdv « drdv , (75)

e
Z(LV,T)

where E(r,v) is the corresponding energy. In the previous formula, we have considered a
proportionality rather than an equality because integrating the probability one has to find 1,
which is not guaranteed according to the choice of the normalization constant for Z(1,V,T).
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As a matter of fact, this is indeed what happens in the present case, as we will see shortly. In
the case of an ideal gas, E(r,v) = mv?/2. Hence, making use of Eq.(73), we have

1,002
e jchT
p(r,v)drdv <« ————drdv . (76)
v (et

Since the energy does not depend on the position, the latter can be integrated out. The
probability density p(v) for the velocity is thus

p(’v)“m~ (77)
( T™mkp )2

h2
Note that this is the probability density of the vector v, although it depends only on its magni-
tude according to a Gaussian function. Particularly, it is easy to show that on average (v) = 0,

which is expected from the isotropy of the system. Let us denote as A the proportionality

constant, i.e.

%TI’L’U2

e kBT

p(v) =4 (78)

(27rkaT)% '
h2
In order to find A, we switch to spherical polar coordinates and integrate out the angular

degrees of freedom (which gives a factor 47), thus obtaining

5 €

p(v) = 4w Av (%%BT)% : (79)
where the factor v? stems from the Jacobian of the transformation to polar coordinates. Note
that, in contrast to Eq.(78), in the previous formula we are considering the probability density
of the magnitude of the velocity. As we will see shortly, despite the fact that (v) = 0 as a
vector, one has (v) > 0 for the magnitude. This should not come as a surprise, since v > 0 by
definition and the condition (v) = 0 is fulfilled only if v = 0 for every particle. The value of A
is determined by imposing that the integral of the probability density is equal to 1:

l’I'n./l)2
o0 o0 ¢~ BT
1= / p(v)dv = / 4 Av* —————dv . (80)
v=0 v=0 <_27T”Z’§BT) 2

Making use of Eq.(15), we obtain from the previous equation that A = m?/h?. Substitution
into Eq.(78) and Eq.(79) finally gives

3
m 2 _'mv2
_ 2kpT 1
o) = (g ) (s1)
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Figure 7: Maxwell-Boltzmann distribution for the magnitude of the velocities.

and

m % _ mv2
p(v) = 4mv? (2 ’ T) e BT | (82)
TTRB

respectively. Eq.(81) is called the Mazwell-Boltzmann distribution of velocities. In Fig.7, we
plot the probability density for the magnitude of the velocities as obtained from Eq.(82). The
plot shows a sharp peak around a certain maximum value, which thus characterizes a typical
velocity of the particles. In this regard (although not exactly equivalent), let us compute the
average squared velocity:

(v*) :/0 v* - p(v)dv :/o 4ot (QWZBT) ¢ pT (83)

Making use of Eq.(18), we obtain

<v2>:47r< - ):'3\/% ksl (84)

27T]{JBT

Rearranging the previous formula, we thus have

1 oy _ 3
5™ (v*) = 2kBT, (85)

which is the same result we obtained from the kinetic theory of gases. Once again, we see the
microscopic interpretation of temperature, according to which it is proportional to the average
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kinetic energy per particle. Finally, we note that a good estimation for the typical velocity of a

particle is y/(v?) = \/3kgT/m.
Problem. What is the value v,,,, corresponding to the peak in Fig.7? Is is larger or smaller
than /(v?)? What does this say about the skewness of the distribution (i.e. the asymmetry

with respect to the peak)?

4.3.3 Free energy and thermodynamics

From Eq.(57) and Eq.(74), we can compute the Helmholtz free energy of the monoatomic ideal
gas:

VN (2rmkpT 2
We further consider Stirling’s approximation for the factorial, N! ~ (N/e)" so that
F e grin | (V) (FmksT N (87)
= B nfe N h2

Now, we aim at separating the contributions coming from volume and temperature. Since the
argument of a logarithm has to be an adimensionalized number, we introduce an arbitrary
reference volume vy, which for instance can be assigned the typical volume occupied by a
molecule, or can alternatively be ascribed to the size of the small boxes considered in Fig.5. In
this way, we rewrite the previous formula as

3N

2N\ 2
v\ 2mrmkgTv}
F=—kgTln |V ( NUO) ( R ) . (88)

By dimensional analysis, it is easy to show that h?/ (27rmk:BU(2)/ %) = T} has the dimensions of a
temperature. Now, we divide the various multiplicative terms found within the logarithm and

obtain
3N

v A\ T\ 2
F=—kgTlhheY —kgTlhnh(—) —kgTlh( — 89
pl Ine B n(Nvo) B H<To) ) ( )
that is v 5 T
F = —NkgT — NkgTIln — — =NkgTIn — .
B B HNUO 5 B nTo (90)

This formula gives that F' is extensive, as it should. In this regard, we note that the inclusion
of 1/N! in the definition of the partition function is essential, since otherwise in the second
term we would have had —NkgT In(V/vy), which is not extensive.

From Maxwell’s relations, we have that

OF Vo3 T 5
= () = Nkplh—— + Nkpln—— + 2Nk 1
S (8T)N,V R T R P R (01)
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which is known as Sackur-Tetrode equation. Using another Maxwell relation, we also find

oF NkgT
=—( = = = pV = NkgT 92
N e .

which is (once again) the equation of state of the ideal gas.

4.4 The equipartition theorem

Eq.(84) relates the average squared velocity of a particle to the thermal energy kgT'. Looking
at its derivation, this formula is ultimately rooted in the fact that the velocity enters the energy
of the system by contributing to its kinetic energy. This is a particular case of the so-called
equipartition theorem, which is the focus of the present section.

On a general level, let us consider a system whose energy is E(q1, ¢z, -+ ,qy) depends on a
certain set of continuous scalar variables ¢, o, ..., qy. Let us assume that the dependence of
FE on ¢ is only via a quadratic term, independent of the rest of coordinates, i.e.

1
5@% + E'(q2,43, -+ ,qn) - (93)

Let us further assume that the variables can take any real value. The partition function can

be written as - - -
Z:/ dql/ dq2~--/ dgne BEaa - an) (94)

Since ¢; enters the energy only via the quadratic term, its contribution to the partition function
can be separated from the rest:

[e.e] ﬁkq2 oo [ee] ,
Z :/ d(he_ 50 / dq2. / que—ﬂE (92,93, ,aN) ) (95)

oo o0 —00

E(QIJQ%'” 7qN> =

Making use of Eq.(12) (note that the integration here goes from —oo to 0o, so that we have to
multiply by 2) and denoting 2’ = [dgs - [ dgye ', we thus find
2rkpT
k

Now, the average value of the energy associated to ¢; is

L k 2\ _ 1]{\/1)000 dql ffooo dq2 o f_oooo quQ%eilBE(ql’qg’m )

2"l ) =9 z ‘
Observing that also in the case of the numerator we can separate the contribution from ¢; and
substituting Eq.(96), we obtain

z -

z. (96)

(97)

qu%

> dqufe‘?) z 3
1 1 (foo ! 1, 2(s7)® 1
<—k 2> —k = k- 2ar)” _ —kgT . (98)

291 =

2 21k T 2 [omknT 2
kB Z/ kB
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where we made use of Eq.(15) (again multiplied by 2). Isolating the first and last side of the
chain of equalities, we thus get

1 1
<§kq%> = 5l-cBT : (99)

This is the essence of the equipartition theorem: any scalar degree of freedom participating in
the energy solely via a quadratic term contributes an average energy equal to kgT /2.

Problem. Does the result of Eq.(99) change if the variable g goes from 0 to co? Does it
change in general if ¢ ranges from ¢, to ;7

Based on the equipartition theorem, we can obtain very fastly the result reported in Eq.(84).
Indeed, we note that the velocity enters the energy via the kinetic term muv?/2. However, v is
the norm of a three-dimensional vector, so that in order to apply the equipartition theorem we
need to write the kinetic energy based on the scalar coordinates v,, vy, v,. The kinetic energy
is thus written as mv2/2 +muv; /2 4+ mv?/2. According to Eq.(99), the thermal average of each
of these terms is kgT'/2, so that

() = 5 (12) = ) = ShoT = () = () = (1) =

kT (00

m
Since v* = v} + v} 4 v7, we thus get (v*) = 3kpT/m, which is the result reported in Eq.(84).
Note that this result goes beyond the simple case of an ideal gas. Indeed, even in the case in
which the molecules interact with each other (e.g. via volume exclusion, electrostatics,etc.),
Eq.(84) holds as long as the interaction energy does not depend on the velocity, which is the
case for most cases of interest. Hence, the microscopic interpretation of temperature as being
proportional to the average kinetic energy per particle holds in general, not only for the case of
an ideal gas.

As a final note, we also mention explicitly the fact that the equipartition theorem can be
used to determine the average potential energy of the system, as long as its hypotheses are
verified. This has vast applications, since whenever one is able to write the energy of a system
as the sum of independent harmonic terms, the equipartition theorem quantitatively gives the
average contribution of each of them to the energy.

4.5 FErgodicity

Up to this moment, we have considered ensembles, which are the collections of all the possible
microstates of a system. Assuming that it is possible to observe the microstates of a system
(as it is the case in simulations), this means in practice that one obtains thermodynamic
information by considering a large sample of identical copies of the system, from which the
information sought is obtained as an ensemble average. However, it is also true that one
particular realization will explore different microstates in time. The ergodic hypothesis (which
holds for many systems of interest) states that, if one waits long enough, a single copy of
the system will explore the vast majority of the microstates. Therefore, according to this
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statement the ensemble average and the time average of any observable are equivalent. This
means that from a practical point of view one can just focus on a particular realization of
the system and follow it in time. This is a diffused approach in computational biophysics,
where simulations often follow just one realization of the system of interest (e.g. a protein).
Also from the experimental point of view, recent techniques such as Atomic-Force Microscopy,
Optical Tweezers, Magnetic Tweezers, Forster Resonance Energy Transfer (to cite a few) enable
following biomolecules one at a time, enabling the access to many features of their microstates.

4.6 Effective free energy

We have seen that the knowledge of the partition function enables deriving all the thermo-
dynamic properties of the system. Nevertheless, in biophysics it is pretty rare to have access
to this quantity. From an analytical perspective, apart from the simplest models it is usually
impossible to compute Z. In Molecular Dynamics simulations, one has access to all the posi-
tions and velocities of the atoms composing the system. Hence, by running a long simulation,
one could in principle compute Z numerically for the given thermodynamic constraints used.
However, it turns out that a precise estimation of the partition function via this “brute force”
approach is impossible, since with the present computational power it involves extremely long
simulation times. From an experimental point of view, it is also impossible to gain knowledge
on the behavior of all the coordinates of a system even via single-molecule techniques, where
one gathers only some partial information.

In order to both obtain a better insight on a system and to properly interpret experimental
information, it is useful to introduce collective variables and their associated effective free energy.
A collective variable is some global combination of the microscopic variables, which has often a
direct experimental counterpart. One example is provided by the total energy E, which we have
already implicitly considered as a collective variable when we introduced the partition function
in Eq.(52). Indeed, considering a system made of N particles characterized by their positions
r; and velocities v;, we said that the partition function of the system is given by Eq.(62). What
is the connection between these two equations? In general the energy is a certain function
f({ri,v;}iz1,. n). Hence, one can think of ideally separating the microstates (defined by the
whole set {r;,v;})i=1.. n) in different bins according to the value of their energy. That is, in the
bin associated to the energy E we collect all the microstates satisfying £ = f({7, v;}i=1..n)-
This enables writing the partition function according to Eq.(52), where (2 is given by the number
of microstates being contained in the bin corresponding to E. The only caveat to consider in
this case is that we are dealing with continuous quantities, so that “number of microstates”
is an imprecise wording, as it rather corresponds to a suitable integral over the coordinates.
Formally, this binning operation can be performed by means of the Dirac delta. Eq.(52) can
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be rearranged with the present notation as

Z = W (%)wfdrlfdr?' - [dry [ dvy [dvy - [ doy {f dE 6_1“5%5(f({riavi}i:1,...N) - E)}
= JaB {3 ()™ fdry [dre- [dry [ dv [ vy [ dond (f (s, vidizin) = E) e 5T

This has the same form as Eq.(52), with

QO(N,V,E) = % <%>3N/dr1/dr2--~/drN/dv1/dv2~~~/d'vN6(f({ri,vi}izl’mN) _B) .

By means of the previous formula, Eq.(52) is thus an example in which the partition function
has been written in terms of the collective variable £Z. We note that the number of variables in
the integrand has passed from 6N ({r;,v;}i—1,. n) to 1 (E). Another important point is that
Eq.(52) can be rewritten as

_E—kgTInQ(N,V,E)

ZN,V,T) —/dEQ(N, V,E)e 5T —/e T feT  dE. (101)

The term £ In (2 is formally analogous to the total entropy of a system as obtained in the micro-
canonical ensemble. Hence, it can be interpreted as an effective entropy S(N,V, E) associated
to the subspace of microstates of energy E. Following this analogy, we can thus write

_ E-TS(N,V,E) _ F(N,V,E)
Z(/\/,V,T)z/e FpT dE:/e T dE (102)

where F'(N,V,E) = E —TS(N,V, E) is the effective free energy associated to the subspace of
microstates of energy E. It is worth noting that, since the overall free energy of the system is

F = —kgTIn Z, we have the interesting relation
_ F(N,V,T) _FW,V,E)
e kBT = /e T dE (103)

that is, the Boltzmann weight of the overall free energy is the sum of the Boltzmann weights
of the effective free energies associated to a given collective variable.

The energy is just one possible example of a collective variable, whose definition depends
on the system under study and on what are the physical features that we want to highlight.
We will see later in the course some practical examples in biophysical systems.
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5 Other ensembles

5.1 Isobaric-Isothermic Ensemble

We have hitherto focused on two ensembles:

e The microcanonical ensemble, where one fixes the number of particles N, the volume
V and the total energy E. This ensemble is a useful starting point to obtain some
fundamental results, but it is of limited practical usefulness.

e The canonical ensemble, where one fixes N, V and the temperature T, which is by far
the most used approach.

There are other possible ensembles that can be considered, depending on which variables
are being fixed. An example is provided by the isobaric-isothermic ensemble, also called Gibbs
ensemble or NpT system. As suggested by the name, here the fixed thermodynamic variables
are the number of particles NV, the pressure p and the temperature 7.

From a practical point of view, the Gibbs ensemble is obtained by putting the system in
contact with a reservoir of energy and volume, so that both thermal and mechanical energy can
be exchanged in order to maintain 7" and p. Proceeding in the same way as for the canonical
ensemble, we observe that the universe formed by the system and the reservoir is an NV E
system. If we indicate as N,V, E the number of particles, volume and energy of the system,
and as N,,V,, E. the corresponding variables in the reservoir, we thus have that N, N, are
constant (no matter exchange between the system and the reservoir), and that V +V, =V,
and E + E, = E,,, are also constant. The probability p(F, V') that the energy of the system of
interest is £ and the volume is V' is proportional to the number of microstates of the universe
compatible with F| i.e. p(E) x Q(N,V, E)-Q.(N,,V,, E,.). Since E, > E and V, > V| we can
consider a Taylor expansion of In2,.(N,,V,, E,) around E,,, and V,,,, obtaining

Q. (N, V,, Er) =~ InQ(N;, Vi, Bror) + %fw E'=E (Er = Eu) (104)
=Litot
O Q. (N, V', Er) V.—-V..).
+ v V’Z‘/:cot( " )

As we saw in our computations on the microcanonical ensemble, dInQ/0E = 1/(kgT) and
0InQ/0V = p/(kpT). This, together with the observation that £ = F,,,— E, and V =V, ,,—V,,
yields

E pV
I (Nr, Vo, Br) 2 0y (Nr Vi, Bu) = o = s (105)
We can thus write for the probability p(E, V)
_ E+4pV
p(B,v) = SNV B)e o7 (106)

Q Y
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where the Gibbs partition function Q reads (assuming a discrete set of energies and volumes
for simplicity)

E+pV

Q(N,p,T) = QN,V,E)e *s7 . (107)
EV

Q has an interesting thermodynamic interpretation. Proceeding in a similar way as we did for
the canonical ensemble, we compute the average value of F + pV'

EE,V(E + pV) . QB—B(E‘FPV)

(B +pV) =) (E+pV)-p(E) 5 , (108)
BV
From the definition of Q, we note that >, (£ + pV)Qe PEPY) — _9Q /03, hence the
following relation holds
1 1
(E4pvy— 02 _ e (109)

Q8 9B
(E) corresponds to the internal energy in the thermodynamic sense. Therefore, we can write
(E+pV)=(E)+p(V)=F+p(V)+TS=G+TS, where G is the Gibbs free energy. From
the Maxwell relations, we further know that S = — (0G/9T) ,, hence

O0ln Q
B

Since 8 = 1/(kpT), we note that (0G/IT)n, = (0G/OB)npdB/dT = —1/(kgT?)(0G/0B) N p-
Therefore, the previous formula becomes

Gy (W0) L gya(2) [0
35 _G+T(8/B>N7pk‘BT2 G+6<35)N,p [aﬁ . (111)

Up to an additive constant, the previous equation establishes a clear link between the Gibbs
free energy and the Gibbs partition function, that is —In @ = SG. Rearranging we finally
obtain

:<E+pV>:G+TS:G—T(g—?> . (110)
N,p

G(N,p,T) = —ksTIn Q(N,V,T) . (112)

Hence, as in the case of the canonical ensemble, knowing the partition function enables deriving
all the thermodynamics of the system.

5.2 Grand-Canonical Ensemble

Finally, we mention the existence of the grand canonical ensemble, in which the system is
allowed to exchange matter with the reservoir, whose role is now to maintain' the temperature
T, the volume V and the chemical potential . Proceeding exactly as in the case of the canonical

'One can also build another ensemble where the pressure is fixed rather than the volume.
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and Gibbs ensembles, it can be shown that the probability p(E, N) of occurrence of an energy
E and a number of particles IV is

nN

_E_
Q(N,V,E)e *sTersT

Q Y
where the grand-canonical partition function Q reads (assuming a discrete set of energies for
simplicity)

p(E,N) = (113)

_ __E_ pN_
Q(u,V,T) =Y Q(N,V,E)e %7 e aT | (114)
E,N

Splitting the sums, this can be written as

Qu, V,T) = S Z(N,V, T)elsT | (115)
N

where Z(N,V,T) is the canonical partition function in the case of N particles. This is the
basic formula from which the various computations within the grand-canonical ensemble are
performed. In general, the grand-canonical ensemble is typically the approach of choice when-
ever the system can interchange particles with a reservoir, such as in the case of liquid-vapour
equilibrium.

34



Further reading

e R. K. Pathria and P. D. Beale, Statistical Mechanics, 3rd Edition, Chapter 1, Elsevier
e K. Huang, Statistical Mechanics, 2nd Edition, Chapter 1, John Wiley & Sons

e R. Delgado Buscalioni, notes on Statistical Mechanics (you can find them in the Moodle)
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