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1 Proteins as two-states systems

1.1 Basic notions on proteins

©]
a ) methionine (Met) o\\ /0 leucine (Leu) © b)
o 0 2

|

Ie (©]

|7
—c

|

0 H CH
4 |

+ H—=N

@ ]

H H

2
—C +
N\

o

H H

| ]
H—rll—c—

H cll»l2
c]H2 aspartic acid (Asp)
H
|
CH;

H.

Figure 1: Proteins are heteropolymers obtained by joining amino acids (a,b reprinted from
Alberts et al., “Molecular Biology of the Cell”). Due to the interactions among the side chains
and with the solvent, a protein usually folds into a complicated three-dimensional shape (c,d),
which is typically represented via a cartoon (e).

From a molecular perspective, proteins are polymers, which by definition are obtained as
chains of certain composing units (called monomers) attached to each other. In the case of
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proteins, the monomers are the amino acids, which are selected within a pool of 20 different
elements. The chemical structures of some amino acids are reported in Fig.1la. The structure
of an amino acid can be ideally divided into two parts: the backbone and the side chain.

The backbone is the same for all amino acids (with the exception of proline, which has
a slightly different backbone) and is reported in Fig.la in black. As one can see from the
figure, the backbone has an aminic and a carboxylic head, which are respectively positively
and negatively charged when the amino acid is isolated in water at neutral pH conditions.
The backbone is the part used to form the polymeric chain which defines the protein. The
carboxylic head of the i-th monomer reacts with the aminic head of the (i +1)-th monomer and
forms a covalent bond, called peptide bond, while releasing a water molecule. Upon forming the
covalent bond, the charges of the meeting ends are neutralized. In this way, a polymeric chain
is formed, as depicted pictorially in Fig.1b.

The side chain of an amino acid is what gives it a well-defined physico-chemical identity.
Each amino acid has a different side chain, which is characterized by its size, charge and
hidrophilicity /hydrophobicity. The side chain is the main responsible for the three-dimensional
shape of the protein. Indeed, while entropy would be maximized for a polymer with a random,
swollen conformation (as we will see later in the course), the strong interactions among the
various side chains and between side chains and water provide a huge enthalpic gain in folding
the protein into a specific three-dimensional shape, called the native structure of the protein.
For instance, a protein will fold to maximize the contacts between positively- and negatively-
charged side chains; moreover, it will show the tendency to bury the hydrophobic side chains in
its inner part, which enables avoiding contact with the water in the environment. Also, various
side chains are capable of forming hydrogen bonds, which are suitably organized in order to
form local geometrical patterns known as a-helices and 3-sheets. There are other ways in which
the amino acids interact, but listing them all would make this discussion too long. Naturally,
all these interactions have to satisfy the constraints imposed by the presence of the backbone,
so that consecutive amino acids along the chain have to also be close in the three-dimensional
organization of the protein. It has to be noted that there is a class of proteins for which this
description does not hold (they are called intrinsically-disordered proteins), but for simplicity
we will just consider proteins for which there is a native structure.

As a result of the interaction between side chains mediated by the constraints imposed by
the backbone, one obtains a complex three-dimensional native structure. In Fig.1lc, we show
the chemical structure of the protein g-lactoglobulin in its native conformation. In Fig.1d, we
superimpose onto the same structure a tubular representation following the backbone, with
the color gradually changing from red to white according to its contour length. Finally, in
Fig.1e we report for the same structure the typical cartoon representation of the protein, where
the presence of a-helices is evidenced by the drawing of spiral-like fragments and the [-sheets
correspond to straight fragments (called 3-strands) flanking each other.



1.2 Single-molecule experiments with FRET
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Figure 2: a) Schematic representation of experiments on proteins using FRET. In an unfolded
protein (left), the fluorophores are far from each other, so that the FRET efficiency is low.
In a folded protein (right), the fluorophores are closer, and the FRET efficiency is increased.
Reprinted from Kaur et al., Anal. Methods. 12:5532 (2020). b) Example of trajectory showing
the FRET efficiency from an experiment on the protein Csp T'm. The horizontal axis corresponds
to time measured in seconds. In the inset are shown the fluorescence signals from which the
efficiency trajectory has been extracted. Adapted from Rhoades et al., J. Am. Chem. Soc.
126:14686 (2004).

Forster Resonance Energy Transfer (FRET) is an extremely useful technique to probe
biomolecules at the single-molecule level. FRET is based on a couple of fluorescent molecules,
referred to as fluorophores, characterized by different excitation energies £p > E4. The flu-
orophore with energy Fp is called donor, the one with energy E, is called acceptor. When
excited, the donor and acceptor will decay to their ground state by emitting light with dif-
ferent frequencies. In a typical FRET setup, one excites the donor by irradiating the sample
with a laser of suitable frequency. The donor will subsequently decay by emitting light with a
frequency vp corresponding to its excitation energy. However, it the donor and the acceptor
are close in space, there is a certain probability that the energy of the donor is transferred
to the acceptor, which becomes then excited and subsequently decays by emitting light with
frequency v4. The probability with which the energy transfer takes place is called the transfer
efficiency E and is a function of the distance r between the fluorophores:

1
E(r)=———5
1+ (%)
where Ry is called the Forster radius. Its value depends on the couple of fluorophores considered
and is usually located around 5 nm. By measuring the intensity of the light emitted by the
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sample at donor and acceptor frequency, one can obtain the value of E, from which the distance
between the fluorophores can be monitored in time.

In the case of protein folding, one can attach the fluorophores to two points which are far
along the backbone, but close in space in the native structure. In this way, as shown in Fig.2a,
when the protein is unfolded the fluorophores are far from each other, so that the efficiency is
low. In contrast, when the protein is found in its native structure, the fluorophores are close
in space and the efficiency increases. In Fig.2b, an experimental trajectory of the efficiency is
shown in the case of the protein CspTm.

1.3 Protein folding as a two-states problem

As suggested by Fig.2b, for many proteins the FRET efficiency of a setup as described in the
previous section shows some regular patterns. In the particular case reported in the figure,
the efficiency initially fluctuates around 0.7 up to about 1 second. Then, it suddenly jumps
down and fluctuates around a value very close to 0. After some time, it jumps back to higher
values of F, again fluctuating around 0.7. This pattern is repeated stochastically in time.
From a molecular perspective, the high-efficiency fragments correspond to the native structure,
where fluctuations can be rationalized as vibrations around the minimum-energy configura-
tion. In contrast, low efficiency corresponds to unfolded conformations, for which fluctuations
correspond to the system exploring the wide ensemble of possible microscopic configurations.

These experimental observations can be analyzed by means of a simple statistical-mechanics
model in which the system can only take one of two states: native structure (state N), in which
FRET has high efficiency; unfolded structure (state U), in which FRET has low efficiency. The
energies associated to N and U are Fy and Fy, respectively. As we will comment below, these
are actually effective free energies. A key thermodynamic quantity to characterize the stability
of the native state is the unfolding free energy AF = Fy; — F)y. For the native state to be stable,
one needs Fy < Fy = AF > 0. FRET trajectories can be employed to extract AF from the
experiments. Indeed, assuming the system to be ergodic, the time average of an observable
corresponds to its ensemble average. As a consequence, the total time spent in each state will
be proportional to its Boltzmann weight. Particularly, the fractions of time fy and fy spent
in the native and unfolded state are

e PN e~ BFu
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respectively. Note that e #V 4+ e~ is the partition function of the system. From the previous
formula, we see that

% — e PAF S AF = —k‘BTln;—Z ) (3)

In wild-type proteins (i.e., the ones found in cells), the unfolding free energy is typically



larger than 8 kgT. Assuming that AF = 10 kT ~ 5.96 kcal/mol', we obtain that fy/fy =
e 10~ 4.5.1075, ie. the protein spends virtually all the time in the native structure. This is
kind of expected, since the native structure is usually the working configuration of the protein,
so that it is better for it to be stable agains thermal perturbations. A possible way to give more
weight to the unfolded state is to add a certain concentration of denaturant to the solution,
which is some substance known to generically interact with proteins and destabilize their native
structure. Typical such substances are urea and guanidinium chloride. The relative populations
of folded and unfolded states change continuously with the amount of denaturant added. Within
the present model, this means that AF = AF(c), where ¢ is the concentration of denaturant
added to the solution. In the example of Fig.2b, ¢ = 2 M of guanidinium chloride was added
in order for the system to spend around 50% of the time in the N state (high efficiency). From
this, we have fy ~ 0.5, fy =1 — fy = 0.5 and AF ~ kgT'In1 = 0 kcal/mol.

Problem. Assume that the the unfolding free energy decays exponentially with the con-
centration of denaturant, AF(c) = AF, + (AFy — AF))e <", with AFy > 0 and AF; < 0.
Plot the relative populations of folded and unfolded states as a function of ¢. How do these
depend on the parameters AFy, AF} and ¢*? What is the physical meaning of AF;? What is
the unfolding free energy in the absence of denaturant?

1.4 Two-states system vs coordinates

How does the two-states system relate to the actual coordinates of the system? This is an
example in which we are considering a collective variable, which can take only two values (N
or U). If the number of atoms in the protein is n, and number of atoms in water is n,,, the
microscopic coordinates are the set of positions and velocities {r;, v; }i—1_», where n = n,+n,,.
It is plausible to assume that the interaction energy between the various atoms does not depend
on their velocities, U({r;}i=1,.,). This implies that for the present discussion we can neglect
them, as they can be integrated out of the partition function. Indeed, the partition function
reads

U{rD+ B 507
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Since the energy does not depend on the velocity, each of the integrals involving v; can be easily

computed as
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Hence, the partition function becomes

3
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LA note on the energy: due to the small quantities involved, two typical units for energy in biochemistry are
kecal/mol and kJ/mol. At room temperature T = 300 K, one has kgT ~ 0.596 kcal/mol~ 2.49 kJ/mol.




In the energy U, one finds all the terms needed to describe the interactions within the
system, such as:

e bonded interactions, i.e. the ones accounting for the presence of covalent bonds both in
water and in the protein;

e water-water non-bonded interaction, such as electrostatic interaction or excluded volume;

e water-amino acids and amino acids-amino acids non-bonded interactions, which are ulti-
mately responsible for the final shape of the protein.

Now, the efficiency E is a function of the coordinates of the system, particularly of the
protein: E = E({r;}). In order to consider the two-states system, we can define a threshold
value E* for the efficiency, such that £ > E* is assigned to the native state and £ < E* is
assigned to the unfolded state. Proceeding similarly as done in the previous chapter, we make
use of Heaviside’s © function, for which by definition ©(z) = 0if < 0 and ©(x) = 1 otherwise.
By means of the © function, we can split the partition function in two terms, Z = Zy + Zy,
where
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From each of these partition functions, we can extract an effective free energy:
FN = —kBTh’lZN and FU = —]{}BTIHZU . (8)

By construction, we have Z = Zy + Zy = e PN + 78 _je. we can approach the problem as
an effective two-states system characterized by the (effective free) energies Fyy and Fy.



2 DNA melting

2.1 DNA in a nutshell
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Figure 3: a) Atomistic representation of a short sequence of DNA in its standard double-helix
conformation. b) Coarse-grained representation of the same sequence as in (a), where effective
beads are depicted for sugars (black), phosphates groups (red) and bases (rest of colours). c)
Schematic representation of the same structure, where matching bases are depicted in front
of each other. The 5 and 3’ ends of each strand are reported, indicating the antiparallel
arrangement of the two strands.

As widely known, DNA contains the genetic code, which stores information on how to
build the various proteins needed for the life of a cell. From a molecular perspective, DNA is
organized as a double-stranded helix (Fig.3), where each strand presents a backbone formed by
alternating sugars and phosphate groups and a set of bases sticking out from the sugars. The
strands have a directionality set by the carbons of the sugars involved in the covalent bonds



of the backbone. Particularly, each sugar forms covalent bonds with the nearby phosphate
groups via its 5" and 3’ carbons always with the same orientation (said in other terms, each
phosphate forms a bond with a 5" and a 3’ carbon of the two adjacent sugars). The bases from
the two strands face each other and form hydrogen bonds establishing A — T and C' — G base
pairs. The bases are chemically formed by aromatic rings and also form hydrophobically-driven
interactions along each strand (stacking interactions). Base pairing drives the formation of the

double helix, which is stabilized by the presence of stacking interactions?.

Propagation AH° AS° AGS,
sequence (kcal mol™) (e.n.) (kcal mol ™)
AA/TT —7.6 —-21.3 —1.00
AT/TA —7.2 —20.4 —0.88
TA/AT —7.2 —21.3 —0.58
CA/GT —8.5 —22.7 —1.45
GT/CA —8.4 —22.4 —1.44
CT/GA —7.8 —21.0 —1.28
GA/CT —8.2 —22.2 —1.30
CG/GC —10.6 —27.2 —2.17
GC/CG —9.8 —24.4 —2.24
GG/CC —8.0 —19.9 —1.84

Figure 4: Table of experimental step-dependent thermodynamic parameters for DNA base-pair
formation at the level of base-pair steps. Reprinted from J. Santalucia Jr and D. Hicks, Annu.
Rev. Biophys. Biomol. Struct. 33:415 (2004). For each step the change in enthalpy AH,
entropy AS, and the Gibbs free energy AG = AH — TAS is reported at T' = 37°C= 310 K.

Only the backbone bonds joining sugars and phosphate groups are covalent, hence both
hydrogen bonds and stacking interactions can be dynamically formed and broken. Due to the
important role played by the stacking interactions, one has to consider as building units the
base-pair steps, formed by two consecutive base pairs. For instance, in Fig.3c the step at the
top is formed by base pairs C' — G and G — C'. The second step is formed by base pais G — C
and C' — G the third step is formed by C — G and T'— A. One usually refers to a step by
looking at the sequence along one arbitrarily-chosen strand in the 5’3 direction. Considering
the strand depicted on the left-side of Fig.3c, these three steps would thus be denoted as C'G,
GC and CT. Note that by choosing the second strand they are denoted as CG,GC and AG.

2 Although not yet conclusively established, it seems that energetically the stacking interactions are the most
important, with the base pairing mostly serving to “steer” the geometry towards the right pairing between the
two strands.



The overall free energy needed for breaking a step depends on the sequence and is reported
in Fig.4. Note that the Gibbs free energy is considered rather than the Helmholtz free energy
because experiments are usually conducted at constant pressure (i.e. the NpT ensemble).

2.2 A DNA molecule as a system with n states

A simple model for DNA thermodynamics considers a representation such as the one in Fig.3c.
The enthalpy and entropy of base-pair steps formation are obtained from Fig.4, and are in-
dependent of temperature to a good approximation. Their negative value indicates that base
pair formation is energetically favourable (AH < 0) but entropically unfavourable (AS < 0 =
—TAS > 0). For simplicity, we neglect the precise dependence of thermodynamics on sequence
and consider the average values AH = —8.33 kcal/mol and AS = —22.28 eu. = —0.02228
kcal/(mol-K). Considering N base pairs, we assume that each one of them can be formed or
not independently of the others. Based on this, we thus consider N possibile states in which
there are n base pairs formed, with n = 1,..., N, to which we associate an effective free energy
AG(n,T) =n(AH — TAS). Note that we are associating the average energy to the base pair
rather than to the base-pair step. This is a crude approximation, based on the observation
that, when all base pairs are formed (n = N), the total energy is (N — 1)(AH — T'AS). For
simplicity, we are neglecting the “—1” and assigning this energy independently to each of the
N composing base pairs. It is also worth noting that we implicitly assume that there is no
dependence on the concentration of the DNA molecules in the solution being studied, for which
otherwise another term should be included to account for translational entropy. This can be
acceptable when full strand separation is not allowed, such as e.g. in some special structures
called DNA hairpins.

Now, the Boltzmann weight associated to the effective free energy AG(n,T) is
However, for a given choice of n, there are N!/(n!(N — n)!) combinations of base pairs that
correspond to the same macrostate. The probability p(n) of formation of n base pairs is thus

e_ﬂAG(n7T) .

1 NI _AG(n,T) 1 N! __n(AH-TAS) 9
- kgl —— kT
r) = Gaw = " onl(N —n)i© 7 (9)
where the partition function is
N
NI _ AG(n,T)
_ kT 10
¢ ;n!(]\f—n)!e l (10)

DNA melting is a temperature-induced separation between the two strands. Indeed, larger
temperatures shift the free-energy balance towards the entropic term, which pushes for base-
pair separation. This is evident from Fig.5a, where we plot the populations obtained for n = 20
and three values of the temperature. Upon heating the system, the overall population shifts
towards lower values of n, indicating increasing separation between the two strands. The
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Figure 5: a) Populations corresponding to different numbers of formed base pairs for three
different temperatures. b) Average number of formed base pairs as a function of temperature.

average number (n) of formed base pairs can be easily computed as

(n) = np(n) (11)

and is plotted as a function of temperature in Fig.5b. Finally, within the present context,
the melting temperature T, can be defined as the temperature at which (n) = N/2, which in
the present case is found at T ~ 374 K. Experimental melting temperatures range typically
between 20° C and 80 ° C according to the specific sequence. In Kelvins, this means a typical
range between 290 K and 350 K. The melting temperature that we found is a bit too large, but
is a satisfactory result considering the crudeness of the model. An important factor that we did
not take into account is the fact that the system gains translational entropy upon separation
of the two strands, since their centers of mass are then free to wander in the environment
independently from each other. This entropic push, which lowers the melting temperature,
depends on the concentration of DNA molecules.
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3 Nernst potential
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Figure 6: a) The Nersnst potential can be generated by considering two boxes at different
ion concentrations separated by a semipermeable membrane. b) Concentration of various ions
inside and outside a mammalian skeletal muscle cell with membrane tension AV ~ —90 mV. In
the last column, the Nernst potential is reported as calculated from Eq.(14). Both (a) and (b)
are reprinted from R. Phillips et al., “Physical Biology of the Cell”, 2nd Ed., Garland Science
(2013).

The Nernst potential is the electrostatic potential generated by an uneven spatial distribu-
tion of charges in the system. In the simplest case, we can consider two boxes communicating
via a channel, containing ions with concentrations ¢; and ¢, and with an electric tension equal
to AV =V, — V; (Fig.6a). The tension can be generated by making the channel selective to
the ion species. For instance, we can assume that only the positive charges can pass through
it. In this way, AV can be established by placing different concentrations of negative ions in
the two boxes.

Assuming the valence of the ion to be equal to z, the electrostatic energy in each box reads
zeoV1 and zegVs, respectively, where eg = 1.6- 10712 C is the electronic charge. Moreover, let us
denote as vy and vy the volumes of the two boxes (in this section, we use lowercase characters
to distinguish the volumes from the tension). The probability that a positive ion is found in
each box can thus be written as

_zeqVq _zegVa
e kpT e kpT
pL=on— and  py =0y Z (12)



The number of molecules contained in the two boxes are N-p; and N-po, respectively. Therefore,
the concentrations can be computed as ¢; = N - p;/Vi and ¢ = N - py/V,. Computing their

ratio, we thus obtain
C N . v zegAV
Co vi N -po

from which we derive the Nernst equation

av = bl a (14)
zZeq Co
We note from Eq.(14) the presence of a “thermal potential” equal to kgT'/ey, which corre-
sponds to roughly 26 mV at 300 K. This potential can be interpreted as the one generated by
spontaneous thermal fluctuations.

The Nernst equation is a useful starting point to study the membrane potentials in the
cell. There, the two boxes represent the inside of the cell and the extracellular space, where
different ion concentrations are maintained by specialized transmembrane proteins. In Fig.6b,
we report the typical concentrations found for different ions in a mammalian skeletal muscle
cell, for which AV ~ —90 mV. Within the convention used in this section, the interior of the
cell corresponds to box 2. As can be seen from the table, the Nernst potential agrees with the
applied tension in the case of K* and Cl™, but is in strong disagreement for Na* and Ca?".
As a matter of fact, for these two ions the Nernst potential has the opposite sign than AV,
which means that the scarce amount of Na® and Ca?* inside the cell is maintained against
both concentration gradients and electrostatic forces! This highly non-equilibrium feature can
be maintained only by spending a consistent amount of energy, which is used to fuel suitable
ion pumps.
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4 Solubility

The solubility of an ion is provided by the concentration of dissoluted ions in the solvent
considered. When putting a crystal of salt in a solvent, there are two competing mechanisms.
On the one hand, the electrostatic attraction between the ions composing the salt favours the
integrity of the salt crystal; on the other hand, the gain in translational entropy pushes towards
its dissolution. For instance, let us consider NaCl in water, which yields free ions Na™ and CI~.
The attractive electrostatic energy U,; between two ions in the crystal structure is
€
Ua = Amepe (ay +a_)’ (15)

where ey = 1.6 - 1071 C is the electronic charge; ¢y = 8.859 - 10712 F/m is the permittivity of
vacuum; € is the dielectric constant of the medium (e ~ 78 for water at room temperature); a,
and a_ are the radii of the two ions, hence the distance between Na and Cl in the crystal can
be estimated as their sum. U,; < 0 since the interaction is attractive.

When putting a crystal salt within a solvent, one can describe the system as two boxes
corresponding to the crystal salt and the solvent. Let their volumes be V; and V5, and let there
be N NaCl molecules in the salt. A molecule in the crystal will have energy given by Eq.(15),
while upon dissolution 0 (we are assuming that the concentration in the solvent will be low
enough to neglect the interaction between free ions). The probability p; that a molecule is
found in the box corresponding to the crystal is

1 Uet 1 Ug

P1 = z dre *8T = E‘/le kpT s (16)
Vi

where Z is the partition function of the system. Analogously, the probability that a molecule
is found in the box corresponding to the solvent (i.e. that is is dissolved) is

1 i 1
= ; dre *sT = E‘/Q : (17)
2

The partition function is® Z = Vle_% + V5.

The number of molecules in each box is obtained as N-p; and N -ps, respectively. Hence, the
corresponding concentrations are ¢; = N -p;/Vi and ¢ = N -py/V5. We define the solubility X
as the ratio ¢a /¢y, which quantifies the relative preference of molecules for the solvent, obtaining

2
CQ N . p2 ‘/1 Uel ¢

X — - = — ekBT —e 47r606(a++u,_)kBT . 18
° 1 Voo N-p (18)

3Note that we are neglecting the prefactors in the computation of Z. This was done to ease the presentation,
since for the present purposes they are not needed.
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Figure 7: Solubility of NaCl and Glyicine for various solvents as a function of the dielectric
constant €. Note the logarithmic scale in the vertical axis. Reprinted from J. N. Israelachvili,
“Intermolecular and Surface Forces”, 3rd Ed., Academic Press (2011).

In Fig.7, we report Xg as a function of the dielectric constant for NaCl and Glycine. Note
that the vertical axis is drawn in logarithmic scale. From Eq.(18), we find that
e 1

drege (ay +a_) kT e

lIlXS = — (19)

which is in agreement with the experimental results. Note that from the slope s of the line one

can estimate the size of the involved molecules. Indeed, from the previous formula we have

G
471'608]€BT .

2
dmeg (ay +a-) kT

s = =a;t+a_ = (20)
From Fig.7, in the case of NaCl the slope can be determined as s ~ (In107° —In1)/0.07 =
—51n10/0.07 ~ —164. Therefore, we estimate a; +a_ ~ 3.4-107'%m = 3.4 A. The actual value
as obtained from an experimental crystal structure is 2.8 A. Considering the highly-simplified
description of the present model, the result is pretty satisfactory.

Fig.7 indicates that higher dielectric constants facilitate dissolution of ions in a medium.
This is extremely important in biophysics, as the large value of € in the case of water (e ~ 78
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at room temperature) ensure high solubility of charged molecules such as ions or proteins, thus
being a fundamental feature for life.
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Further reading

e R. Delgado Buscalioni, notes on Statistical Mechanics (you can find them in the Moodle)

e R. Phillips et al., “Physical Biology of the Cell”, 2nd Ed., Garland Science (2013), Chapter
17

e J. N. Israelachvili, “Intermolecular and Surface Forces”, 3rd Ed., Academic Press (2011),
Chapter 3
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