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1 Introduction

The present document deals with the so-called van der Waals forces, which affect virtually all
the molecules relevant for life. Van der Waals forces are characterized by a long-range attraction
stemming from the electrostatic interaction between the charge distributions of biomolecules
(including also the solvent), with the complications introduced by the entropic effects introduced
by the finite temperature at which the system is found. Another important and ubiquitous in-
teraction is the short-range repulsion between virtually any atoms and molecules. The repulsion
originates from trying to overlap the electronic shells of very close atoms, which is opposed by
the Pauli exclusion principle and is therefore purely quantum in origin. This chapter is ded-
icated to the attractive van der Waals forces, although some words will be spent also on the
short-range repulsion.

It is worth spending a few words on some peculiar features of the Helmholtz free energy
F of a system. By definition, one has F = U − TS, where U is the internal energy, T the
temperature and S the entropy. In biophysics, one often refers to U as the enthalpic part of the
free energy and to −TS as the entropic part. From the Maxwell relations, one has also that
−TS = T (∂F/∂T )V . Armed with this formulas, we focus on three specific cases of temperature
dependence of F :

• F = C, where C is independent of T . In other words, T does not appear in the formula
of F . In this case, one obtains that −TS = T (∂F/∂T )V = 0 ⇒ F = U , i.e. there is only
the enthalpic contribution to the free energy.

• F = C · kBT . In this case, one has −TS = T (∂F/∂T )V = C · kBT = F . Hence, in this
case U = F + TS = 0 and only entropy contributes to the free energy.

• F = C/(kBT ). In this case, one has −TS = T (∂F/∂T )V = −C/kBT = −F , i.e. the
entropic contribution has the same magnitude as F but opposite sign. The internal energy
is twice the free enegy: U = F + TS = 2F .
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These three cases are by no means exhaustive, but they represent typical forms of the free
energy coming up in actual computations, so it can be advantageous recognizing their features
by glancing at the formula of F .

This document is mainly a reelaboration of some chapters of the book by Israelachvili (see
further reading section at the end of the document).
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2 Dipoles

Figure 1: a) A dipole is the simplest case of a charge distribution which is overall neutral. The
dipole moment u is directed from the negative to the positive charge. b) Water molecules are
overall neutral but, due to the strong electronegativity of oxygen, present a spatially-distributed
charge, which can be roughly approximated to a dipole. c) Glycine in water presents positive
and negative charges on its aminic and carboxylic ends. Panel (c) was reprinted from J. N.
Israelachvili, “Intermolecular and Surface Forces”, 3rd Ed., Academic Press (2011).

Before studying the van der Waals forces, it is important to introduce a number of useful
concepts.

Many molecules in biophysics are overall neutral but present charged patches. This uneven
distribution of charges makes them prone to interact electrostatically. The simplest case of an
overall neutral system with spatially-distributed charges is a dipole, obtained by considering
two charges with opposite sign +q and −q and separated by a constant distance l. The dipole
moment u is defined as u = ql, where l is the vector joining the two charges and directed
from −q to q (Fig.1a). A couple of examples relevant for biophysics are reported in Fig.1b,c,
where we depict the uneven charge distribution for water and the amino acid glycine, respec-
tively, together with the corresponding dipole moment. It is worth noting that the dipole is
not only a heuristic approximation. Indeed, the potential generated by any arbitrary charge
distribution can be formally written as a multipole expansion, where the first term corresponds
to the potential generated by a point charge with magnitude equal to the overall charge of the
distribution (monopole term) and the second term corresponds to a dipole where (in the case
of overall charge neutrality) the positive and negative charges are placed in their respective
centers. Hence, for an overall neutral charge distribution a dipole is always the first level of ap-
proximation, although other terms might however be important (called quadrupole, octupole,
etc.).
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At the molecular level, in the SI units one has very low numbers. For instance, for two
charges equal in magnitude to the electronic charge e0 = 1.6 ·10−19 C and at distance l = 10−10

m= 0.1 nm, the magnitude of the dipole moment is u = e0 · l = 1.6 · 10−29 C·m. It is often
preferred to use the unit called “Debye” and with symbol D. By definition, 1 D≃ 3.336 · 10−30

C·m, which corresponds to two electronic charges separately by about 0.2 Å.
Under the presence of an external electric field E, the electrostatic energy of the dipole is

Udipole = −E · u . (1)

2.1 Potential and electric field generated by a dipole

Figure 2: Schematic drawing for the derivation of potential and electric field generated by a
dipole.

For the next sections, it will be useful to have at hand the formulas for the potential and
the electric field generated by a dipole at a distance r much larger than the dipole length l, i.e.
r ≫ l. To this aim, let us consider a point P in space and a dipole at position O and with a
certain orientation. With the aid of Fig.2, we consider a reference frame with origin at O and
where the z axis is oriented along the line connecting O and P . By construction we thus have
P ≡ (0, 0, r). The orientation of the dipole is captured by the azimuthal angle θ formed with
the z axis. Moreover, we choose the x axis such that the plane identified by the line PO and the
dipole corresponds to the plane xz. In this way, in Fig.2 the y axis is perpendicular to the figure
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and pointing inwards. Within this reference frame, the charges +q and −q of the dipole are
located at the points P− ≡ ( l

2
sin θ, 0, l

2
cos θ) and P+ ≡ (− l

2
sin θ, 0,− l

2
cos θ) respectively. We

denote as R+ and R− the distances separating the charges from P . Quantitatively, assuming
r ≫ l we find

R2
+ = |P+ − P |2 = r2 +

1

4
l2 + rl cos θ ≃ r2

(
1 +

l

r
cos θ

)
(2)

and

R2
− = |P− − P |2 = r2 +

1

4
l2 − rl cos θ ≃ r2

(
1− l

r
cos θ

)
. (3)

As for the actual distances, we get instead

R+ =

√
r2 +

1

4
l2 + rl cos θ ≃ r

(
1 +

l

2r
cos θ

)
(4)

and

R− =

√
r2 +

1

4
l2 − rl cos θ ≃ r

(
1− l

2r
cos θ

)
(5)

The potential V generated by the dipole can be easily computed by summing the contribu-
tion from the two charges:

V (r) =
q

4πϵ0ϵR+

− q

4πϵ0ϵR−
≃ q

4πϵ0ϵr

(
1

1 + l
2r
cos θ

− 1

1− l
2r
cos θ

)
. (6)

Making use of the approximation 1/(1 + x) ≃ 1− x for x ≪ 1, we thus get

V (r) ≃ − q

4πϵ0ϵr
· l
r
cos θ = − u

4πϵ0ϵr2
cos θ . (7)

Note the qualitative change of the dipole potential V ∝ 1/r2 as compared to the one generated
by a single charge V ∝ 1/r.

The electric field generated by each charge has magnitude

E+ =
q

4πϵ0ϵR2
+

≃ q

4πϵ0ϵr2

(
1− l

r
cos θ

)
(8)

and

E− =
q

4πϵ0ϵR2
−
≃ q

4πϵ0ϵr2

(
1 +

l

r
cos θ

)
, (9)

where we used 1/(1 + x) ≃ 1 − x valid for x ≪ 1. In order to sum vectorially the two
fields, we need to compute their components. We note that the fields are oriented accord-
ing to the coloured arrows in Fig.2. Therefore, vectorially they are expressed as E+ ≡
E+ (sinϕ+, 0, cosϕ+) andE− ≡ E− (sinϕ−, 0,− cosϕ−), where ϕ+ and ϕ− are the angles P̂+PO
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and P̂−PO, respectively. Note that sinϕ+ can be easily computed as the ratio between the x
component of P+ and the distance R+, i.e. sinϕ+ = ( l

2
sin θ)/R+ ≃ l sin θ/(2r). Analogously,

cosϕ+ = (r − l
2
cos θ)/R+ ≃ 1. It is straightforward to show that the same holds for ϕ−, i.e.

sinϕ− ≃ l sin θ/(2r) and cosϕ− ≃ 1. Based on this, we can thus write for the electric fields

E+ ≃ q

4πϵ0ϵr2

(
1− l

r
cos θ

)(
l

2r
sin θ, 0, 1

)
(10)

and

E− ≃ q

4πϵ0ϵr2

(
1 +

l

r
cos θ

)(
l

2r
sin θ, 0,−1

)
. (11)

The total field thus reads

E = E+ +E− ≃ q

4πϵ0ϵr2

(
l

r
sin θ, 0,−2

l

r
cos θ

)
= − u

4πϵ0ϵr3
(− sin θ, 0, 2 cos θ) . (12)

Note the, in line with the change in potential, also for the electric field we see a qualitative
change E ∝ 1/r3 as compared to the one generated by a single charge E ∝ 1/r2. Note also
that the approximated values of E and V are not related by E = −∇V . This is only due
to the approximations made, i.e. if one consider the exact formulas the relation holds, as it
should. Said in other terms, the exact relation E = −∇V is not necessarily maintained by
their leading-order approximations.

2.2 Energy of a dipole within an electric field

Finally, we also compute the electrostatic energy of a dipole within an electric field E = −∇V ,
where V (r) is the associated potential. If r is the position of the dipole center, the charges
+q and −q are located at positions r + u/(2q) and r − u/(2q), respectively, since u = q · l
and u points from the negative to the positive charge. The electrostatic energy is thus Uint =
qV [r + u/(2q)]−qV [r − u/(2q)]. Assuming the potential to vary slowly at distances compared
to the length l of the dipole, we obtain

Uint ≃ q ·
[
V (r) +∇V (r) · u

2q
− V (r) +∇V (r) · u

2q

]
= −E · u. (13)
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3 Ion-dipole interactions and solvation shells

Now, we proceed to compute the interaction between a dipole with charges ±q separated by a
distance l and an ion with charge Q. The interaction energy is Uion-dipole = QV , where V is the
potential generated by the dipole reported in Eq.(7):

Uion-dipole ≃ − Qu

4πϵ0ϵr2
cos θ . (14)

Note that the electric field generated by Q has magnitude E = Q/(4πϵ0ϵr
2), so that

Uion-dipole ≃ −E · u cos θ = −E · u , (15)

which is in agreement with the general formula reported in Eq.(13).
The interaction energy depends on both the distance r and the angle θ formed by the dipole

with the line joining it with the charge. The minimum energy is attained for u parallel to
E. However, the energetic gain obtained by this alignment is counterbalanced by the loss in
rotational entropy of the dipole. We now wish to compute the effective interaction energy as
a function of distance once all the orientations have been accounted for. To this aim, we need
to integrate out the angular part of the potential. Note that in doing so we are effectively
considering r as a collective variable, so that we are building an effective free energy F (r).
Quantitatively, we can consider the same reference frame as in Fig.2 and, by means of Eq.(15),
write1

e−βF (r) = Z(r) =

∫ π

0

dθ

∫ 2π

0

dϕ sin θeβEu cos θ . (16)

The integral over ϕ can be immediately carried out and gives 2π. As for θ, we perform the
change of variable t = cos θ ⇒ dt = − sin θdθ and find

e−βF (r) = 2π

∫ 1

−1

dteβEut = 4π
sinh (βEu)

βEu
. (17)

From the previous formula, we can finally obtain for the effective free energy

F (r) ≃ −kBT ln(4π)− kBT ln
sinh (βE(r)u)

βE(r)u
= F0 − kBT ln

sinh
(

Qu
4πkBTϵ0ϵr2

)
Qu

4πkBTϵ0ϵr2

, (18)

where we can get rid of the constant term F0 = −kBT ln(4π) by shifting the zero of the free
energy (we will neglect it from now on). At large distances r ≫

√
Qu/(4kBTπϵ0ϵ), we can use

the approximation sinhx ≃ x+ x3/6 and ln(1 + x) ∼ x, valid for x ≪ 1, yielding

F (r) ≃ −kBT ln

[
1 +

1

6

(
Qu

4πkBTϵ0ϵr2

)2
]
≃ − 1

6kBTr4

(
Qu

4πϵ0ϵ

)2

∝ 1

r4
. (19)

1In principle, there should be also a term proportional to r2 accounting for the translational entropy of the
center of the dipole with respect to the ion. We do not consider it since we are interested in what happens at
a fixed distance.
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Comparing with Eq.(14) (particularly with its minimum attained at θ = 0), we can see the
strong effect of orientational entropy at large distance, which induces a qualitative change in
the decay of the interaction energy from ∝ 1/r2 to ∝ 1/r4. Note that, in the opposite limit
l ≪ r ≪

√
Qu/(4kBTπϵ0ϵ) (with l being the length of the dipole), we can use the approximation

sinhx ≃ ex/2, thus obtaining

F (r) ≃ −kBT ln
e

Qu

4πkBTϵ0ϵr
2

2 Qu
4πkBTϵ0ϵr2

= − Qu

4πϵ0ϵr2
+ kBT ln

Qu

2πkBTϵ0ϵr2
. (20)

The first term in the previous formula is equal to the minimum of Eq.(14). This shows that,
as small distances, the electrostatic interaction is too strong and the only effect of entropy is a
logarithmic correction entering in the effective free energy.

It is also instructive to look at the average orientation of the dipole, obtained as ⟨cos θ⟩ (r).
The computation is straightforward:

⟨cos θ⟩ (r) =
∫ π

0
sin θ cos θeβE(r)u cos θdθ∫ π

0
sin θeβE(r)u cos θdθ

=

∫ 1

−1
teβE(r)utdt∫ 1

−1
eβE(r)utdt

. (21)

Using the results
∫ 1

−1
tectdt = 2 cosh c/c − 2 sinh c/c2 and

∫ 1

−1
ectdt = 2 sinh c/c, we obtain

⟨cos θ⟩ (r) = L(βE(r)u), where L(x) ≡ 1/ tanhx−1/x is the Langevin function. The Langevin
function, reported in Fig.3a, monotonically increases between 0 and 1 and has limiting behavior
L(x) ≃ x/3 for x ≪ 1 and L(x) ≃ 1− 1/x for x ≫ 1. Making use of L, we can write

⟨cos θ⟩ (r) = L [βE(r)u] = L
(

Qu

4πkBTϵ0ϵr2

)
. (22)

This formula is depicted as a function of r in Fig.3b, and shows that at large distances
⟨cos θ⟩ (r) → 0, i.e. the dipole is oriented randomly. In contrast, at short distances, one
gets ⟨cos θ⟩ (r) → 1, i.e. the dipole is basically found in its minimum energy state (aligned
with the external field, θ ≃ 0), in agreement with our considerations based on the effective
free energy. When applied to the solvent itself (such as water), these calculations highlight an
important feature, namely that ions perturb the local structure of the solvent in their neigh-
borhood in a region usually referred to as solvation shell. Based on our calculations, we can
roughly estimate the size of the solvation shell of an ion as the critical length scale rc separating
the two regimes outlined above, equal to rc =

√
Qu/(4kBTπϵ0ϵ). Assuming a monovalent ion

(|Q| = e0 = 1.6 · 10−19 C) and considering that for water u ≃ 1.85 D and ϵ ≃ 78, we obtain
rc ≃ 1.66 Å, which is about the size of a molecule of water. Therefore, the solvation shell of a
monoatomic ion in water is made of one layer of water molecules. It is important to stress that
this is not the whole story, since the perturbation of the orientation of water molecules results
in a local change in the network of hydrogen bonds, which has some associated free-energy
costs. A more precise account of solvation shells should thus account also for this feature.

8



Figure 3: a) Langevin function L(x). b) Average cosine of dipole orientation as a function of
distance r from ion.

3.1 Quick-and-dirty approach

It is instructive to see an approximate approach for the computation of the free energy of
interaction, which is often employed in soft matter. Rather than integrating over the angle θ,
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we take it as a variable whose equilibrium value minimizes an approximate free energy. The free
energy is written as F = U − TS. When computations are done properly, the internal energy
U corresponds to the thermal average of Eq.(14). In the present approximation, we instead
consider directly Eq.(14), where θ is the variable angle that will be used for the minimization
of F . As for the entropy, we can approximate S/kB as the logarithm of the volume element
corresponding to θ, which is given by sin θ, i.e. S = kB ln sin θ. The free energy thus reads

F = − Qu

4πϵ0ϵr2
cos θ − kBT ln sin θ . (23)

Minimization of F gives
dF

dθ
= 0 ⇒ sin2 θ =

kBT
Qu

4πϵ0ϵr2

cos θ . (24)

Note that this minimization is equivalent to retaining only the maximum of the integrand in
Eq.(17). Since sin2 θ = 1− cos2 θ, the previous equation can be easily solved, giving

cos θ = − kBT

2 Qu
4πϵ0ϵr2

±

√√√√( kBT

2 Qu
4πϵ0ϵr2

)2

+ 1 . (25)

For large distances, only the solution corresponding to the plus sign is acceptable (since | cos θ| ≤
1) and can be Taylor-expanded to give

cos θ ≃ Qu

4kBTπϵ0ϵr2
≪ 1 . (26)

From this, we can also compute

ln sin θ = ln
(
1− cos2 θ

) 1
2 =

1

2
ln
(
1− cos2 θ

)
≃ −1

2
cos2 θ ≃ −1

2

(
Qu

4kBTπϵ0ϵr2

)2

. (27)

Substitution in Eq.(23) gives

F ≃ −1

2

Q2u2

kBT (4πϵϵ0)
2 r4

, (28)

which differs from Eq.(19) only by the numerical prefactor. This is a typical feature of this kind
of approach: when it works, it usually gives the correct dependence on the physical quantities up
to a multiplicative constant. The advantage is that it is mathematically easier to minimize than
to integrate; moreover, this approach is straightforward to understand from a physical point
of view. As mentioned above, this technique corresponds to assuming that in the partition
function we can just retain the maximum value of the integrand, hence it is expected that it
should give reasonable results as long as fluctuations play a limited role.
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4 Dipole-dipole interactions (Keesom interactions)

Dipole-dipole interactions can also be computed with a similar approach as above. In this case,
we can write the interaction energy by means of Eq.(13) as

Udipole-dipole = −E1 · u2 , (29)

where E1 is the field generated by the first dipole in the position of the second dipole, whose
dipole moment is u2. Using the same reference frame as in Fig.2, we can use the formula for
E1 from Eq.(12), obtaining

E1 ≃ − u1

4πϵ0ϵr3
(− sin θ1, 0, 2 cos θ1) , (30)

where u1 is the dipole moment of dipole 1 and θ1 its azimuthal angle (remember that by
construction the polar angle is ϕ1 = 0, since u1 lies in the xz plane). As for the second dipole,
we have in general u2 ≡ −u2 (sin θ2 cosϕ2, sin θ2 sinϕ2, cos θ2). The minus sign was introduced
for coherency with the drawing in Fig.2, so that for θ2 = 0 and ϕ2 = 0 one has u2 pointing
downwards in the figure. Hence, the interaction energy becomes

Udipole-dipole ≃ − u1u2

4πϵ0ϵr3
(2 cos θ1 cos θ2 − sin θ1 sin θ2 cosϕ2) . (31)

Proceeding as in the previous section, we now wish to write an effective free energy. To this
aim, we write the partition function at fixed distance as

Z(r) =

∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ2 sin θ1 sin θ2e
−βUdipole-dipole . (32)

Contrary to the previous case, the integrals over the angular coordinates cannot be per-
formed exactly. We limit our calculations to large distances, for which u1u2/(4πkBTϵ0ϵr

3) ≪
1 ⇒ r ≫ [u1u2/(4πkBTϵ0ϵ)]

1/3. Under this assumption, e−βUdipole-dipole ≃ 1 − βUdipole-dipole +
(βUdipole-dipole)

2/2. The partition function thus becomes

Z(r) =

∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ2 sin θ1 sin θ2

[
1− βUdipole-dipole +

1

2
(βUdipole-dipole)

2

]
(33)

We now break down the angular integrals into various parts. The first block is computed easily∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ2 sin θ1 sin θ2 = 2 · 4π = 8π . (34)
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The second block reads

−
∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ2 sin θ1 sin θ2 βUdipole-dipole =

u1u2

4πkBTϵ0ϵr3

∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ2 (2 cos θ1 cos θ2 − sin θ1 sin θ2 cosϕ2) sin θ1 sin θ2 =

u1u2

4πkBTϵ0ϵr3

(∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ22 cos θ1 cos θ2 sin θ1 sin θ2

−
∫ π

0

dθ1

∫ π

0

dθ2
���������������∫ 2π

0

dϕ2 sin
2 θ1 sin

2 θ2 cosϕ2

)
=

u1u2

4πkBTϵ0ϵr3
· 2π · 2 ·

���������
∫ π

0

dθ1
sin (2θ1)

2
·
���������
∫ π

0

dθ2
sin (2θ2)

2
= 0 .

(35)

Hence, we see that the linear term does not contribute to the effective free energy. The third
block accounts for the quadratic term and reads∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ2 sin θ1 sin θ2

(
1

2
β2U2

dipole-dipole

)
=

1

2

(
u1u2

4πkBTϵ0ϵr3

)2 ∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ2 sin θ1 sin θ2 [2 cos θ1 cos θ2 − sin θ1 sin θ2 cosϕ2]
2 =

1

2

(
u1u2

4πkBTϵ0ϵr3

)2

· (IA + IB + IC) ,

(36)

where

IA ≡
∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ2 4 sin θ1 sin θ2 cos
2 θ1 cos

2 θ2 =

8π

(∫ π

0

sin θ cos2 θ dθ

)2

=

8π

(∫ 1

−1

t2dt

)2

= 8π ·
(
2

3

)2

=
32

9
π ,

(37)

12



IB ≡
∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ2 sin3 θ1 sin
3 θ2 cos

2 ϕ2 =

(∫ π

0

sin θ · sin2 θ dθ

)2

·
∫ 2π

0

1 + cos (2ϕ2)

2
=

[∫ π

0

sin θ ·
(
1− cos2 θ

)
dθ

]2
· π =

π

[∫ 1

−1

(
1− t2

)
dt

]2
= π ·

(
2− 2

3

)2

=
16

9
π

(38)

and

IC ≡ −4

∫ π

0

dθ1

∫ π

0

dθ2

∫ 2π

0

dϕ2 sin2 θ1 sin
2 θ2 cos θ1 cos θ2 cosϕ2 =

− 4

[∫ π

0

sin2 θ cos θ dθ

]2
·
�

���
����∫ 2π

0

cosϕ2dϕ2 = 0 .

(39)

Hence, the third block is equal to

1

2

(
u1u2

4πkBTϵ0ϵr3

)2

·
(
32

9
π +

16

9
π + 0

)
=

8

3
π

(
u1u2

4πkBTϵ0ϵr3

)2

. (40)

Summarizing, the partition function can thus be written as

e−βFKeesom(r) = Z(r) = 8π + 0 +
8

3
π

(
u1u2

4πkBTϵ0ϵr3

)2

(41)

where FKeesom(r) is the effective free energy. Inverting the previous formula, we obtain

FKeesom(r) ≃ −kBT ln

[
8π +

8

3
π

(
u1u2

4πkBTϵ0ϵr3

)2
]
=

− kBT ln

{
8π

[
1 +

1

3

(
u1u2

4πkBTϵ0ϵr3

)2
]}

=

− kBT ln (8π)− kBT ln

[
1 +

1

3

(
u1u2

4πkBTϵ0ϵr3

)2
]
≃

− kBT ln (8π)− kBT · 1
3

(
u1u2

4πkBTϵ0ϵr3

)2

.

(42)
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Rearranging and neglecting the additive constant, we finally obtain

FKeesom(r) ≃ − 1

3kBTr6

(
u1u2

4πϵ0ϵ

)2

∝ − 1

r6
. (43)

Comparing with Eq.(31), we see that the effect of entropy (whose key role is also evidenced by
the presence of kBT in the effective free energy) is again to qualitatively change the distance
dependence of the effective interaction, which passes from ∝ 1/r3 to ∝ 1/r6, in analogy with
the case of the ion-dipole interaction. The attractive dipole-dipole interaction given by Eq.
(43) is called the Keesom interaction. It is present between any two molecules which have a
non-zero dipole (e.g. two water molecules, or a water molecule and a glycine) and is one of the
three terms contributing to the van der Waals interactions.
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5 Dipole-induced dipole interactions (Debye interactions)

The presence of an electric field induces the displacement of charges even in non-polar molecules,
i.e. molecules which do not have a net dipole moment. Indeed, the presence of the electric field
shifts the electronic cloud of the molecule along its direction, thus producing an asymmetric
distribution of positive and negative charges. Quantitatively, the induced dipole uind has a
moment proportional to the applied field E:

uind = αE , (44)

where α is the polarizability of the molecule. Note that in the case of polar molecules one has
also this effect, so that the total dipole moment in the presence of a field will be u+uind, where
u is the permanent dipole moment of the molecules. It is customary to write the polarizability
as

α = 4πϵ0R
3 , (45)

where R has the dimensions of a length. Numerically, R is comparable to the size of the
molecule, although being usually slightly smaller. The created dipole moment is parallel to the
generating field E. Note that the dipole will also generate a response electric field Er. By
symmetry, along the line defined by the direction of the dipole the response field is parallel to
uind and E. Since by definition the the dipole moment is oriented from the negative to the
positive charge, we conclude that along the dipole line Er is opposed to the generating field
E. If we have a medium made of many such molecules, the electric field at any point will
be obtained as the sum between E and the sum of the various response fields of the solvent
molecules Er. Upon averaging, the contributions to Er perpendicular to E will cancel each
other, hence the effective electric field at any point will have magnitude E − Er, i.e. a charge
placed in the medium will experience a lower electrostatic force when compared to the vacuum.
This mechanism is what originates the dielectric constant of the medium.

Now, we wish to compute the effective interaction free energy between an induced dipole and
the position-dependent generating field E(r) (such as the one generated by an ion). In principle,
the calculation is straightforward: we know that the induced dipole moment is proportional to
the field (Eq.(44)), so that according to Eq.(13) we have an interaction equal to −uind · E =
−αE2. However, the separation of charges operated by the field comes at an energetic cost,
which must be taken also into account. To this aim, we consider2 a crude approximation
in which the two charges ±q behave as an effective spring with constant k and equilibrium
distance equal to zero. The force needed to displace one of the charges to a distance l is kl;
at the same time, this force is operated by the electric field, hence kl = Eq ⇒ k = Eq/l. The
work performed by the field to obtain this displacement is equal to the elastic energy stored in

2For this derivation, I acknowledge the user “gatsu” in the discussion on the physics forum of
stackexchange.com, see https://physics.stackexchange.com/questions/176307/derivation-of-interaction-energy-
of-dipole-induced-dipole-interaction
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the spring, kl2/2 = Eql/2 = Euind/2 = αE2/2. As a result, we thus obtain for the interaction
between the field and the induced dipole

Uind(r) = −αE(r)2 +
1

2
αE(r)2 = −1

2
αE2(r) . (46)

Alternative derivation. It is instructive to derive Eq.(46) also in an alternative way.
Considering a reference axis oriented along the field, the dipole induced in a molecule will be
oriented along the axis, with dipole moment parallel to the field. For clarity, let us assume
that the field is oriented towards increasing values of the distance r from the origin. Hence,
the negative charge −q on the induced dipole will be closer than the positive charge +q. The
interaction force f(r) at a certain distance r from the origin can be written as as f(r) = −E(r−
l/2)q+E(r+l/2)q, where l is the dipole length and we assumed a symmetric displacement of the
charges. Assuming r ≫ l, we thus have f(r) ≃ −E(r)q+ dE/dr · ql/2+E(r)q+ dE/dr · ql/2 =
uind · dE/dr = αE · dE/dr. The interaction between the field and the induced dipole Uind(r)
can then be obtained by integration. Indeed, f = −dUind/dr, so that

�����Uind(∞)− Uind(r) = −
∫ ∞

r

f(r′)dr′ ⇒ Uind =

∫ ∞

r

f(r′)dr′ . (47)

Substituting the formula for the force, we thus obtain

Uind(r) ≃
∫ ∞

r

αE · dE
dr

dr =
1

2
α

∫ ∞

r

d

dr

(
E2
)
dr = −1

2
αE2(r) , (48)

which is the same result obtained above in Eq.(46).

Armed with this formula, we can now compute the interaction free energy between a perma-
nent dipole and a dipole induced by it on a molecule at distance r. To this aim, from Eq.(12)
we can compute the magnitude of the electric field E1 (r, θ) generated by dipole 1 as (we are
using the same reference frame as in Fig.2)

E1 (r, θ1)
2 =

u2
1

(4πϵ0ϵ)
2 r6

(
sin2 θ1 + 4 cos2 θ1

)
=

u2
1

(4πϵ0ϵ)
2 r6

(
1 + 3 cos2 θ1

)
. (49)

Hence, the interaction energy is (now we are making explicit its dependence on the orientation
of the originating dipole)

Uind(r, θ1) = − α2u
2
1

2 (4πϵ0ϵ)
2 r6

(
1 + 3 cos2 θ1

)
, (50)

where we are indicating as α2 the polarizability of the second molecule. In order to get the
effective free energy FDebye(r), we have to integrate over θ, since as usual the partition function at
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fixed distance reads Z(r) = e−βFDebye(r) =
∫ π

0
dθ1 sin θ1e

−βUind(r,θ1). Therefore, we find (assuming
as usual that r is large enough)

Z(r) ≃
∫ π

0

dθ1 sin θ1 (1− βUind(r, θ1)) . (51)

Note that, at difference with the case of Keesom interactions, in the present case we can stop
the Taylor development to the linear term, since here it gives a non-zero contribution, as we
will show shortly. Integrating over the angle gives

Z(r) =

∫ π

0

dθ1 sin θ1 [1− βUind(r, θ1)] =∫ 1

−1

dt

[
1 +

α2u
2
1

2kBT (4πϵ0ϵ)
2 r6

(
1 + 3t2

)]
=

2

(
1 +

α2u
2
1

kBT (4πϵ0ϵ)
2 r6

)
(52)

Hence, the effective free energy reads (we neglect the constant additive term)

FDebye(r) = −kBT lnZ(r) ≃ −kBT ln

(
1 +

α2u
2
1

kBT (4πϵ0ϵ)
2 r6

)
≃ − α2u

2
1

(4πϵ0ϵ)
2 r6

∝ − 1

r6
. (53)

This formula tells us that a permanent dipole has an electrostatic interaction with any other
molecule (even non-polar ones) generated by the formation of an induced dipole on the latter.
Following the Keesom interaction derived in the previous section (Eq.43), this is the second
contribution to the van der Walls interaction, and is known as Debye interaction. Notably,
both the Keesom and the Debye interactions are attractive and depend on the sixth-power of
the distance.

However, an important difference with the Keesom interaction is that (in spite of the av-
eraging over the angle θ1) the Debye interaction is only enthalpic in origin, i.e. there is no
entropic contribution. This is evidenced by the absence of any temperature dependence in
Eq.(53), indicating that all the effective free energy comes from the internal energy of the sys-
tem. We highlight two different ways to explicitly see this point. First, the internal energy can
be directly computed as the thermal average over the angle θ1 of Eq.(50):

⟨Uind⟩ (r) =
∫ π

0
Uind(r, θ1)e

−βUind(r,θ1)dθ1

Z(r)
= − 1

Z(r)

dZ(r)

dβ
= −d lnZ(r)

dβ
. (54)

Substituting from Eq.(52), we obtain

⟨Uind⟩ (r) ≃ − d

dβ

{
ln 2 + ln

[
1 + β

α2u
2
1

(4πϵ0ϵ)
2 r6

]}
=

− 1

1 + β
α2u2

1

(4πϵ0ϵ)
2r6

· α2u
2
1

(4πϵ0ϵ)
2 r6

≃ − α2u
2
1

(4πϵ0ϵ)
2 r6

= FDebye(r) .

(55)
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Since FDebye(r) = ⟨Uind⟩ (r)− TS(r), the equality FDebye(r) ≃ ⟨Uind⟩ (r) implies that TS(r) ≃ 0.
A second way to obtain the same result is by considering the Maxwell relation S = −(∂F/∂T )V .
From Eq.(53), since F (r) is independent of T , we obtain immediately TS = 0, so that
FDebye(r) ≃ ⟨Uind⟩ (r). Note that, in the case of the Keesom interaction, the effective free
energy can be written as FKeesom(r) = −a(r)/(kBT ), where a(r) > 0 is a suitably defined func-
tion of r independent of temperature. From the Maxwell relation considered above, we obtain
−TS(r) = T · a(r)/(kBT 2) = a(r)/(kBT ) = −FKeesom(r). The average internal energy is thus
⟨UKeesom⟩ (r) = FKeesom(r) + TS(r) = 2FKeesom(r), hence we see that the internal energy has a
magnitude twice as the entropic contribution, but opposite sign.

Finally, in the case in which both the molecules under consideration are polar, the Debye
interaction includes two terms, one for each induced dipole. Hence, in its general form, the
Debye interaction is written

FDebye(r) = −α2u
2
1 + α1u

2
2

(4πϵ0ϵ)
2 r6

. (56)
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6 Induced dipole-induced dipole interactions (London

forces)

The third and final contribution to the van der Waals attraction comes from the so-called
London forces of dispersion forces. Conceptually, they are very similar to the Debye interactions,
although in this case the electric field is originated by fluctuations.

The idea is simple: any molecule has a certain distribution of charges which fluctuates
in time. Hence, due to charge fluctuations, even a non-polar molecule has a non-zero dipole
moment at a given instant. It is by averaging over time that no permanent dipole is found.
This can be rationalized in terms of a Bohr atom, where the electron is treated as a classical
particle moving around the nucleus. The spherical symmetry of the system ensures that on
average the dipole moment is zero. Yet, at any time the electron has a certain position which
results into a non-zero instantaneous dipole. As widely known, the Bohr model is by no means
a proper representation of an atom, for which the correct treatment is provided by quantum
mechanics. Hence, this discussion serves more to give a pictorial idea of the phenomenon.

Based on this mechanism, London derived the equation for the effective free energy of
dispersion forces

FLondon(r) = −3

2

α1α2

(4πϵ0ϵ)
2 r6

I1I2
I1 + I2

∝ − 1

r6
, (57)

where I1 and I2 are the first ionization potentials of the two molecules. The London forces are
perhaps the most important contribution to the van der Waals attraction. Indeed, they are
the most general interaction, since they hold for any molecules, independently of the existence
of a permanent dipole moment. In contrast, Keesom interactions take place only when two
permanent dipoles are considered (e.g. two water molecules), while Debye interactions need
at least one of the two interacting molecules to possess a permanent dipole. The existence of
London forces ensures the universality of the van der Waals attraction, which is thus present
in all molecules.

An important difference between the London forces and the other two contributions is that
the former are dynamic in nature. That is, the strength of the interaction at a given time is
provided by the particular fluctuation of the charge distribution within the molecule at the
time considered. London’s theory assumes that any change in the charge distribution is felt
instantaneously by any other interacting molecule. In reality, this is not true, since the light
has to travel through the medium in order for the second molecule to feel the presence of the
instantaneous dipole. Therefore, the induced dipole in the second molecule at a certain time t
actually corresponds to a fluctuation in the first molecule at a previous time t − dt, where dt
depends on the distance between the two molecules. The overall attraction takes place only once
light has travelled back to the first molecule, a task for which it needs a further dt. Hence, the
gain of the interaction with the induced dipole is collected by the original molecule after a time
2 · dt. For distant molecules, this time is long enough for the first molecule to have rearranged
its electron cloud, so that the configuration will not be as favourable as prospected by London’s
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theory and the final attraction will be weaker. This mechanism is known as retardation effect,
and theories more precise than London’s have been developed accounting for this feature.
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7 Van der Waals forces

Taken together, the Keesom, Debye and London interactions give the van der Waals attraction:

FvdW(r) = − u2
1u

2
2

3kBT (4πϵ0ϵ)
2 r6

− α2u
2
1 + α1u

2
2

(4πϵ0ϵ)
2 r6

− 3

2

α1α2

(4πϵ0ϵ)
2 r6

I1I2
I1 + I2

. (58)

Figure 4: Table with numerical comparisons between the various contributions to the van der
Waals attraction, as well as between theory and experiment. Reprinted from J. N. Israelachvili,
“Intermolecular and Surface Forces”, 3rd Ed., Academic Press (2011). Note that the equation
numbering does not reflect the one used in these notes.

Also from a quantitative standpoint London forces often play the most important role. In
Fig.4, we report a table with the various contributions to the van der Waals forces as computed
from Eq.(58) for some molecules. In the second-to-last column, their sum is compared with
experimentally-retrieved values, showing a good agreement. In the last column, the contribution
from London forces is outlined, showing that in most cases it provides more than 50% of the
van der Waals attraction. The most notable exception is provided by water, where the presence
of a strong permanent dipolar moment gives more weight to the Keesom interactions.

Another important feature of van der Waals forces is that they are not additive. As an
example, let us consider Fig.5, in which we represent three molecules placed along a line. In
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Fig.5a, we consider the case in which A has an instantaneous dipole moment oriented upwards.
This induces in B and C dipole moments oriented in the opposite direction as A (arrows
with continuous lines in Fig.5a). The creation of these induced dipoles result in an attraction
between A and the other dipoles due to Debye interactions. Nevertheless, the newly-created
dipole in B will also induce a secondary dipole in C, which goes in the opposite direction, i.e. it
is ultimately parallel to A. In the same way, the dipole in C induced by A creates a secondary
dipole in B, which is parallel to A. These secondary dipoles are depicted as arrows with dashed
lines in Fig.5a and give rise to a repulsive interaction with A. As a net result, the interaction
between A and the other two dipoles in the three-body system is weaker than the sum of the
interactions of A and each of them as isolated system, i.e. the interaction is not additive.

As a further example, in Fig.5b we consider the case in which A is aligned with the join-
ing line. The induced dipoles in B and C will now be parallel to A, since this is the most
energetically-favourable situation. As in the previous case, they will also induce secondary
dipoles onto each other. However, the secondary dipoles are now parallel to the original dipoles,
so that they actually strengthen the attraction between A and its neighbors. Hence, we conclude
that the interaction is non-additive and that its effect depends on the particular configuration
of the system.
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Figure 5: Schematic representation of non-additivity of van der Waals forces in the case of
dipoles whose orientation is perpendicular (a) or parallel (b) to the line connecting their centers.
Reprinted from J. N. Israelachvili, “Intermolecular and Surface Forces”, 3rd Ed., Academic
Press (2011).
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8 Intermolecular pair potentials

Summing up, the van der Waals interactions have electrostatic origin and are present between
any molecules. They are analytically expressed as −C/r6, where C > 0 is a constant depending
on the system. A second important class of generic intermolecular interactions is provided by
the so-called steric repulsion, which acts at very short range. The steric repulsion is the
translation to the atomic world of our everyday experience of the impossibility of two hard
objects to occupy the same volume in space. Its origin is purely quantum-mechanical and relies
on Pauli’s exclusion principle, according to which two electrons cannot occupy the same state.
In the world of molecules, this means that one cannot overlap two electronic clouds (unless they
are modified to account e.g. for a covalent bond), so that when approaching two molecules at
short distance they will experience a very steep repulsive potential.

Figure 6: a) The Lennard-Jones potential (continuous blue line) is plotted together with the
steric repulsion (dashed yellow line) and the van der Waals attraction (dotted green line). b)
Lennard-Jones potential plotted for different values of ϵ and σ.

Contrary to the case of van der Waals attraction, there is not a fundamental analytic formu-
lation of steric repulsions, so that different formulas have been introduced by hand to account
for their presence, in most cases driven by convenience for analytical computations. Formu-
las accounting for both the van der Waals attraction and the steric repulsion are commonly
known as intermolecular pair potentials. Note that, in spite of the non-additivity of the van
der Waals attraction, it is common practice to neglect multibody effects. The most common
case of intermolecular pair potential is provided by the Lennard-Jones potential, in which the
steric repulsion is introduced as B/r12 with B > 0. A physically-intuitive form of writing the
Lennard-Jones potential is

ULJ(r) = ϵ

[(σ
r

)12
− 2

(σ
r

)6]
. (59)

In the previous formula, ϵ has the units of an energy and σ is a length. In Fig.6a we plot an
example of a Lennard-Jones potential (continuous blue line), together with the contributions
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coming from steric repulsion (dashed yellow line) and van der Waals attraction (dotted green
line). The Lennard-Jones potential is characterized by a well-defined minimum. It is easy to
show that the minimum is found for r = σ and has values equal to −ϵ. This gives an immediate
physical interpretation of these parameters: σ can be ascribed to the size of the molecule, while
ϵ corresponds to the strength of the overall attraction. Note however that the attractive and
repulsive term contribute to the minimum with −2ϵ and +ϵ, respectively. In Fig.6b we plot
the Lennard-Jones potential for different values of σ and ϵ, in order for the reader to grasp how
the parameters affect the shape of the potential.

Problem. Another common way to write the Lennard-Jones potential is the following:

ULJ(r) = 4ϵ

[(
σ

r

)12

−
(
σ

r

)6
]

. (60)

What is the meaning of the parameters ϵ and σ? How are they related to ϵ and σ?
Problem. A closely-related formula commonly used in molecular simulations is the so-

called Weeks-Chandler-Andersen (WCA) potential, which is defined as follows

UWCA(r) =

{
ϵ
[(

σ
r

)12 − 2
(
σ
r

)6]
+ ϵ if r ≤ σ ,

0 if r > σ .
(61)

Plot the WCA potential and compare it with the Lennard-Jones formula. Particularly, look at
the sign of the slope: what can be said about overall repulsion and attraction?

The Lennard-Jones potential is by no means the only pairwise potential apt for theoretical
studies. There are other popular choices which consider for the attractive part different formula
than −C/r6. This is partly justified by the fact that at the level of macromolecules the multi-
body combination of van der Waals attraction of the various components can give rise to many
different scenarios, most of which are simply too complex to be treated analytically. Hence,
different choices are considered for the attractive part, either in order to study the impact of a
different formula on the properties of the system or for computational convenience. The latter
case is common when one lack detailed knowledge of the system under study, or when one is
interested in certain properties which are not strongly affected by the analytical form chosen.

Among the various potential present in the scientific literature, two of the most common
are the Morse potential

UMorse(r) = ϵ
[
e−2a(r−σ) − 2e−a(r−σ)

]
(62)

and the square-well potential

Usquare-well(r) =


∞ if r < σ ,

−ϵ if σ ≤ r ≤ σ ,

0 if r > σ

(63)
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Figure 7: Comparison between various pairwise potentials. In order to highlight the qualitative
differences of the potentials, the value of σ has been chosen to be the same in all cases. Moreover,
in the case of the Morse potential, the parameter a was set to a1 = 6/σ, which ensures that
close to the minimum it behaves as the Lennard-Jones potential.

Both potentials are compared to the Lennard-Jones potential in Fig.7. In the case of the Morse
potential, it is easy to show that the minimum is found for r = σ, where the corresponding
energy is −ϵ, so that these parameters are physically interpreted in the same way as in the
Lennard-Jones potential. The parameter a gives the steepness of the well, as can be seen by
comparing the dashed-yellow line and the dotted-green line in Fig.7. In the case of the square-
well potential, again σ and ϵ give the size of the hard-core repulsion and the depth of the
potential well. The additional parameter σ is related instead to the width of the potential well,
which is equal to σ − σ.

Problem. The Morse potential has a similar shape as the Lennard-Jones formula. By
properly comparing the Taylor expansions of the two potentials, show that the Morse potential
which best approximates a Lennard-Jones potential around the minimum corresponds to a =
6/σ.
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9 Van der Waals interaction between macroscopic bod-

ies

We have seen that for simple molecules the attractive van der Waals interaction can be written
as −C/r6 with C > 0. How does this interaction add up when considering colloidal particles
made of many such molecules? In order to make the calculations in a proper way, one should
take into account both the non-additivity and the retardation of van der Waals interactions.
Nevertheless, in order to give an idea of how the interaction builds up to macroscopic objects,
in the present section we will neglect this features and treat the van der Waals interaction as
additive and without retardation effects.

9.1 Point-plane

Figure 8: Geometric constructions for the interaction between a molecule and a macroscopic
body with a planar surface (a) and for two macroscopic bodies with a planar surface (b).

We start by considering the interaction between a molecule and a macroscopic body with a
planar surface. In Fig.8a we sketch the geometry of the system, where the molecule is located
at the point P and the surface of the body has a distance D from P . The body is represented
as the shaded-grey volume and has a certain density ρ of molecules. Since we are assuming that
the van der Waals interaction is additive, the total interaction between P and the macroscopic
body is obtained by summing the contributions from the various molecules composing the body.
Given the symmetry of the system, it is most convenient to work in cylindrical coordinates,
where the z axis points from P to the surface and is perpendicular to the latter. The origin is
chosen at the surface. At a given coordinate height z within the body, the distance R of any
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point from P depends only on the radial coordinate r and is equal to

R =

√
r2 + (z +D)2 . (64)

This distance is the same for all the molecules contained in the annulus depicted in orange,
corresponding to a radial distance within r and r + dr, and a height between z and z + dz.
The volume of this annulus is thus 2πrdrdz, so that the number of molecules contained therein
is 2πρrdrdz. The total van der Waals interaction between P and the body is obtained by
integrating over the volume V of the latter

Fpoint-plane(D) =∫
V

− C

R6
ρdV =

− ρC

∫ ∞

0

dz

∫ ∞

0

dr
2πr[

r2 + (z +D)2
]3 =

− ρπC

∫ ∞

0

dz

{
−1

2
· 1[

r2 + (z +D)2
]2
}∣∣∣∣∣

∞

r=0

=

− ρπC

2

∫ ∞

0

dz
1

(z +D)4
= −ρπC

6D3
.

(65)

9.2 Plane-plane

Armed with the point-plane result, we can now compute the total van der Waals interaction
between two macroscopic objects with planar surface at distance D and with densities ρ1, ρ2
(Fig.8b). The bodies are assumed to extend indefinitely. The idea is straightforward: for
any infinitesimal volume dx · dy · dz in the first body, we compute the total interaction of the
molecules contained in this volume (whose number is ρ1 · dx · dy · dz) with the second body as a
whole according to Eq.(65). The distance to be used in that equation is given by z+D, where
z = 0 corresponds to the surface of the first body. Quantitatively, we thus find

Fplane-plane(D) =

∫ ∞

−∞
dx

∫ ∞

−∞
dy

∫ ∞

0

dz ρ1Fpoint-plane(z +D) . (66)

It is evident that integrating out x and y the energy diverges, which is due to the infinite exten-
sion of the objects. It is therefore better to consider the free energy per unit area F point-plane(D),
which is equal to

F plane-plane(D) =

∫ ∞

0

ρ1Fpoint-plane(z +D)dz = −πCρ1ρ2
6

∫ ∞

0

1

(z +D)3
dz = −πCρ1ρ2

12D2
. (67)
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By defining the Hamaker constant A as

A ≡ π2Cρ1ρ2 , (68)

the interaction energy per unit surface can be written as

F plane-plane(D) = − A

12πD2
. (69)

9.3 Sphere-plane (Derjaguin approximation)

Figure 9: Geometric construction for the interaction between a macroscopic body with spherical
shape and one with a planar surface, as seen from a frontal perspective (a) or from the top (b,
only the sphere).

For more complicated geometries, only few exact solutions are known, so that one has
usually to make some kind of approximation. A pretty general approach that can account for
the curvature of the surfaces is provided by the Derjaguin approximation, which relates the force
acting between two macroscopic bodies to an equivalent representation of flat surfaces based on
the assumption that the minimum distance D between the two particles is much smaller than
their size. In order to illustrate how this approximation works, we consider a system made of
two macroscopic bodies, one with spherical shape and the other with a planar surface (Fig.9a).
The minimum distance is D, the radius of the sphere is R and the densities are ρ1 and ρ2 for
the sphere and the flat body, respectively. The Derjaguin approximation considers thin hollow
cylinders of radius r in both bodies, as represented in orange in Fig.9a,b, and treats them as flat
surfaces extending indefinitely along the cylindrical axis with interaction free-energy density
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given by Eq.(69). The distance between the surfaces of the hollow cylinders depends on r and
is given by D + z, where z is the chord separating the spherical surface from the cylindrical
surface drawn inside the sphere (Fig.9a) and is assumed to be small. By drawing a suitable
right triangle, we can write

r2 = R2 − (R− z)2 ≃ 2Rz . (70)

Therefore, we also have for the differential that

2rdr ≃ 2Rdz . (71)

The surface of each hollow cylinder is given by dS = 2πrdr (Fig.9b), hence dS ≃ 2πRdz. The
infinitesimal interaction free energy dF between the hollow cylinders is obtained by multiplying
the plane-plane density Eq.(69) (remember that in the present case the distance is D + z, see
Fig.9a) and the infinitesimal surface dS:

dF = − A

12π (D + z)2
· 2πRdz = − ARdz

6 (D + z)2
. (72)

Then, the total interaction free energy is obtained by integrating over z, whose maximum value
is equal to R.

Fsphere-plane(D) =

∫ R

0

− AR

6 (D + z)2
dz =

AR

6

1

D + z

∣∣∣∣R
z=0

=
AR

6

(
1

D +R
− 1

D

)
. (73)

Assuming a small distance D ≪ R, in the previous formula the term 1/D dominates over
1/(D +R). Thus, the final formula reads

Fsphere-plane(D) = −AR

6D
. (74)

Note that, differently from the previous section, this is the actual free energy (i.e. it is not the
free-energy density), due to the finite extension of the sphere.

Alternative derivation. An alternative way of computing this results is as follows. Indi-
cating as dfplane-plane the infinitesimal force acting between the hollow cylinders, and remembering
that F plane-plane is the free energy per unit surface, we have that

dfplane-plane = −dF plane-plane

dD′ · dS ≃ −dF plane-plane

dD′ · 2πRdz , (75)

where D′ = D+z is the distance separating the hollow cylinders (Fig.9a). Note that dz = dD′.
The total force fsphere-plane is obtained by integration

fsphere-plane(D) ≃
∫ ∞

D

−dF plane-plane

dD′ · 2πRdD′ =

− 2πR

∫ Fplane-plane(∞)=0

Fplane-plane(D)

dF plane-plane =

2πRF plane-plane(D) .

(76)
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This result is extremely useful, since it enables writing the force acting in the case of curved
surface as a function of the free-energy density in the flat case. Substitution of Eq.(69) gives
the explicit formula:

fsphere-plane(D) = −AR

6D2
. (77)

From this, we can obtain the free energy for the system at hand as

Fsphere-plane(D) =

∫ ∞

D

fsphere-plane(D
′)dD′ = −AR

6D
, (78)

which is the same as Eq.(74).

9.4 Sphere-sphere

As a further example of application of the Derjaguin approximation, we consider the case of
two dissimilar spheres with radii R1 and R2 (Fig.10). By proceeding in the same way as in the
previous section, for hollow cylinders of radius r we can write

r2 ≃ 2R1z1 ≃ 2R2z2 . (79)

The surface of the hollow cylinder is given by dS = 2πrdr. The infinitesimal force thus reads

dfplane-plane = −dF plane-plane

dD′ · dS ≃ −dF plane-plane

dD′ · 2πrdr , (80)

where

D′ = D + z1 + z2 = D +
1

2
r2
(

1

R1

+
1

R2

)
= D +

R1 +R2

2R1R2

r2 (81)

is the distance separating the hollow cylinders (Fig.9a). Note that we have employed Eq.(79)
in the second step. Taking the differential gives

dD′ =
R1 +R2

R1R2

rdr ⇒ rdr =
R1R2

R1 +R2

dD′ . (82)

The differential force can thus be written as

dfplane-plane ≃ −dF plane-plane

dD′ · 2π R1R2

R1 +R2

dD′ , (83)

The total force fsphere-plane is obtained by integration

fsphere-sphere(D) ≃
∫ ∞

D

−dF plane-plane

dD′ · 2π R1R2

R1 +R2

dD′ =

− 2π
R1R2

R1 +R2

∫ Fplane-plane(∞)=0

Fplane-plane(D)

dF plane-plane =

2π
R1R2

R1 +R2

F plane-plane(D) .

(84)
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Figure 10: Geometric construction for the interaction between two macroscopic bodies with
spherical shapes and radii R1 and R2.

Substitution of Eq.(69) gives the explicit formula:

fsphere-sphere(D) = − A

6D2

R1R2

R1 +R2

. (85)
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From this, we can obtain the free energy for the system at hand as

Fsphere-sphere(D) =

∫ ∞

D

fsphere-plane(D
′)dD′ = − A

6D

R1R2

R1 +R2

. (86)

Interestingly, if the two spheres are equal R1 = R2 = R one obtains that the sphere-sphere free
energy is exactly half as the sphere-plane one.

Problem. Compute Eq.(86) by direct integration of the infinitesimal free energy.

9.5 The importance of geometry

From the previous sections, it is evident that the geometrical details of the macroscopic particles
under consideration affect significantly the strength of the van der Waals interactions. In this
regard, in Fig.11 are reported the free energy of interaction and the corresponding force for the
most common geometries.

9.6 The Hamaker constant

The Hamaker constant has been defined as A ≡ π2Cρ1ρ2, where the constant C stems from
the Keesom, Debye and London contributions to the van der Waals interaction. From Eq.(58),
we get

C =
u2
1u

2
2

3kBT (4πϵ0ϵ)
2 +

α2u
2
1 + α1u

2
2

(4πϵ0ϵ)
2 +

3

2

α1α2

(4πϵ0ϵ)
2

I1I2
I1 + I2

. (87)

From Fig.4, we see that typical values of C are on the order of 100 · 10−79 J m6 = 10−77 J m6.
Considering the density of water as a reference, we have ρ1, ρ2 ∼ 103 kg/m3 = ρ. In order to
compute the Hamaker constant, we first need to convert this to a number density, i.e. number
of molecules per unit volume. Since the molar weight of water is 18 g/mol, the number density
of water is ρ = (103 kg/m3/18 · 10−3 kg/mol) · 6.022 · 1023 mol−1 ≃ 3.35 · 1028 m−3. Based on
this number density, we estimate that the Hamaker constant is roughly A ≃ π2 · (3.35 · 1028
m−3)2·10−77 J m6 ∼ 10−19 J. This estimate is in good agreement with experimental values, which
typically lie in the range (0.4− 4) · 10−19 J. This homogeneity of values can be rationalized by
considering the London forces, which are the ones typically dominating C (Fig.4). Considering
only this contribution, we get C ∝ α1α2. However, from Eq.(45) we see that α1 ≃ 4πϵ0R

3 ∝
R3 ∝ 1/ρ1. Analogously, α2 ∝ 1/ρ2. Hence, within this approximation the Hamaker constant
is A = π2Cρ1ρ2 ∝ α1α2ρ1ρ2 = constant. This is only a rough estimate, but it serves to give an
idea of why A does not change very much from one substance to the other.

It is important to remember that all the computations made above on macroscopic bodies
are improperly assuming that van der Waals interactions are additive, as well as neglecting
retardation effects. It turns out that properly accounting for these features (e.g. by employing
the Lifshitz theory) only changes the value of A, but does not affect that formulas reported
in Fig.11. Therefore, these computations are still valid, provided that the correct value of the
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Hamaker constant is employed and that D is much smaller than the size of the objects involved.
Interestingly, it turns out the the Hamaker constant can be negative. In such cases, the van
der Waals interaction between the macroscopic particles is repulsive, in spite of being obtained
as the combination of attractive interactions!
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Figure 11: Table with the van der Waals interactions for the most common geometries.
Reprinted from J. N. Israelachvili, “Intermolecular and Surface Forces”, 3rd Ed., Academic
Press (2011).
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Further reading

• R. Delgado Buscalioni, notes on Statistical Mechanics (you can find them in the Moodle)

• J. N. Israelachvili, “Intermolecular and Surface Forces”, 3rd Ed., Academic Press (2011),
Chapters 4-7,11,13
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